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Abstract:

This paper is devoted to introduce the notions of crossed modules of bigroups and
bicrossed modules of bigroups as a suitable generalization of the notions of crossed
modules of groups and bicrossed modules of groups, respectively. This is done by
embedding the categories of crossed modules of groups and bicrossed modules of
groups in the category of crossed modules of bigroups and bicrossed modules of
bigroups, respectively, (via isomorphism of categories). The notion of extended group
and extended group homomorphism had also been introduced in the beginning of this
paper. Finally, two adjoint pair of functors had been given between the category of
bicrossed modules of bigroups and the category of bigroups.
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1. Introduction

Crossed modules of groups were introduced by Whitehead through his investigation
of the algebraic structure of the second relative homotopy groups [3]. The notion of
crossed modules of groups play an important role in homotopy theory, group
presentations [7], algebraic K-theory [5] and homological algebra [1,4]. Recall that a
crossed module of groups (C,G,d,06) is a group homomorphism a: C —» G together
with an action 6: G X C — C of G on C (usually written by (g,c) = g. ) satisfying the
following two conditions:

(CM1) 0 is a precrossed module, i.e., d(g.) = gd(c)g™1, forallc € C, g € G.
(CM2) The Pieffer subgroup is trivial, i.e., d(c;)., = c,c1¢,7", forall ¢y, ¢, € C.

When the action is unambiguous, we may write the crossed module of groups
(C,G,0,06) simply as (C,G,d). A morphism of crossed modules of groups
(u,Mm):(C,G,0) » (D,H,8) is a pair of group homomorphisms p:C - D and n: G -
H, such that Su =nd and u(g.) = n(g) ) forall c € C, g € G. Crossed modules of
groups and morphisms as defined above form a category, CModGrps. For more
details, we refer the reader to Brown [6] and Baues [2]. Raad and Hana in [8] defined
a bicrossed module of groups (C, G, H, 9, 8) that is consist of two crossed modules of
groups (C,G,d) and (C,H,8) such that the action of G on C and G on H are
compatible, i.e. hy =g, for all ceC, g€ G. They also defined a morphism
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that is a triple of group homomorphisms p:C —» €, 1:G - G and w:H — H such that
(wM):(C,Gd) - (CGd) and (ww):(CH8) — (CHE) are morphisms of
crossed modules of groups. Bicrossed modules of groups and morphisms as defined
above form a category ,BiCModBiGrps, of bicrossed modules of bigroups. Vasantha
Kandasamy in [9] defined the bigroup (G, +,") that is a set with two binary operation
‘+’ and ' such that there exist two proper subsets G, and G, of G satisfied the
following conditions: (i) G = Gy U G,. (ii) (G4, + ) is a group. (iii) (G,,-) is a group.
He also defined a bigroup homomorphism d: C = G is a map from bigroup C = C; U
C, to G=G,UG, such that 9,:C;—>G; and 4d,:C, » G, are group
homomorphisms where 9, and d, are restriction of @ on C; and C, respectively, i.e.
d, =0/C,andd, = d/C,.

2. Extended groups
In the next section, we shall introduce and study the notion of a crossed module
of bigroups (as generalization). To do this, it is required to introduce a definition of an
extended group, which we will in following definition.

DEFINITION 2.1. Let (C,x) be a group. The extended group by inner of C which is
denoted by C — Inn(C) is a set including all elements of C and Inn(C), i.e. C—
Inn(C) = C U Inn(C). (for shortening in this paper, we will called it extended group).

Since, for any group C, Inn(C) with the composition relation™o" is a group, we can
define the extended group homomorphism as follows;

DEFINITION 2.2. A map p={ps,p2}:C—Inn(C) » G—Inn(G) of extended
groups is called an extended group homomorphism if p /C = p;:C— G is a group
homomorphism and p / Inn(C) = p,: Inn(C) - Inn(G) is a group homomorphism.
Taking objects and morphisms as defined above, we obtain the category Grps —
InnGrps.

PROPOSITION 2.3. The category of groups, Grps, and the category of extended
groups, Grps — InnGrps, are isomorphic.

Proof:- define a functor F: Grps — Grps — InnGrps as follows:
Q) F(C) = C — Inn(C), for all C € obGrps, and
(i) F(9) = {p1,p.}, for all d € Morg,ps(C,G), where p; =3:C— G and
p, = 0:Inn(C) — Inn(G) defined as p,(f,) = 5, for all f, € Inn(C).
Since 0 is a group homomorphism, then p, is a group homomorphism;
p2(fefe) = p2(fee) = faey = facyae) = facofae = p2(f)p2(fe), for all
f., fe € Inn(C), i.e. p={py,p2}:C—1Inn(C) - G—Inn(G) is extended
group homomorphism.
Also, define a functor T: Grps — InnGrps — Grps as follows:
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0] T(C — Inn(C)) = C, for all C — Inn(C) € obGrps — InnGrps, and
(i) T(p = {le pz}) = P1, for all p= {pl' pz} € MorGrps—InnGrps (C -
Inn(C), G — Inn(G)).
Therefore , it is easy to see that TF = Igrps and FT = Igrps—innGrps-
Hence Grps = Grps — InnGrps. =

Note that the extended group (C — Inn(C),*,0) with binary operations "+" and "o"
(where = which is defined on C and o is the composition relation) is a bigroup, and
therefore Grps — InnGrps is subcategory of BiGrps. Then according to the
proposition above, the category of groups, Grps, can be embedded in BiGrps as a
subcategory.

3. Crossed Modules of Bigroups
According to proposition 2.3, we can there is an isomorphic between the category
of crossed modules of groups, CModGrps, and the category of (which we shall call in
this paper) crossed modules of extended groups, CModGrps — InnGrps, which we will
give in the next proposition.

PROPOSITION 3.1. The category of crossed modules of groups, CModGrps, and the
category of crossed modules of extended groups, CModGrps — InnGrps, are
isomorphic.

Proof:- define a functor F: CmodGrps — CmodGrps — InnGrps as follows:

(i) F((C,G ) =(C—Inn(C),G—Inn(G),p ={py,pz}), for al (CGa)E
obCmodGrps, where p; = 3:C - G and p, = :Inn(C) — Inn(G). Note that, Inn(G)
has an action on Inn(C) via the action of G on C as follows: fgf = fg, for all f; €

[of

Inn(G) and f. € Inn(C). In fact p,:Inn(C) - Inn(G) with the action above is a
crossed modules of groups;

(CM1) p, (fgfc) =Pz (fgc) = fao = fgag = fefacofg— = fzP2 (fc)fg_1

, for all for all f; € Inn(G) and f; € Inn(C), and
(CM2) p,(f)f, = fa(c)fé = fa(c)é = fe-1 = ffef -1 = f M £, for all f,f. €
Inn(C).

This implies that, the extended group homomorphism

p ={p1,p2}:C—Inn(C) » G — Inn(G) is a crossed modules of extended group
ie. F((C,G,8)) = (C—Inn(C),G — Inn(G), p = {py, p2}) € obCmodGrps —
InnGrps.

(”) F(H, T]) = ((H, H)! (nr ﬁ))! for all (|J., T]) € MorCmodGrps ((C' G' a)r (C' G' a))
Note that; (f,): (Inn(C),Inn(G),d) - (Inn(C), Inn(('}),g) is morphism of
crossed modules of groups;
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rl(fgfc) = g(fgc) = fugo) = faue = fn(g)fu(c) = ﬁ(fg)l—l(fc)’ for all fg € Inn(G)

and f. € Inn(C), and this shows that ((u, i), (n,ﬁ)) is morphism of crossed
modules of extended groups, i.e.

F(kn) = (WD), (M, M) € MOrcmodgrps—InnGrps (F(C, G, d),F(C,G, 6))
Also, define a functor T: CmodGrps — InnGrps — CmodGrps as follows:
(i) T((C —Inn(C),G — Inn(G), p = {p1, p2})) = (C, G, ) for all (C— Inn(C),G —
Inn(G), p = {p1, p2}) € obCmodGrps — InnGrps, and
(i) T((w, ), (, M) = (wn) forall

((M; l_l): (T], ﬁ)) € MorCmodGrps—InnGrps (F(C, G, a)' F(C' G' 8))
Therefore, it is easy to see that TF = I¢yoqgrps @Nd FT = IgmodGrps—InnGrps:-

Thus CmodGrps ~ CmodGrps — InnGrps. =

The concept of crossed module of extended groups in the previous preposition can
be seen as extended crossed module of groups , and which we can extend to a crossed
module of bigroups as we shall show that in the beginning of the next definition.

DEFINITION 3.2. Let C and G be bigroups, where C=C, UC, and G= G; UG, .
A bigroup homomorphism 0d:C — G is called a crossed modules of bigroups
denoted by (C, G, d,06) (or simply as (C,G,2)), if (C;,G,,0,,6;) and (C,, G,, 35,65)
are a-crossed modules of groups, where 9, =d / C; and 9, = d / C,. If, in the above
definition, (C,,G4,d,) and (C,, G,,0,) are a precrossed module of groups, we call
(C, G, d) a precrossed module of bigroups.

DEFINITION 3.3. A morphism (u,1): (C,G,d) — (H,D,8) of crossed modules of
bigroups is a pair of bigroup homomorphisms such that

(h,m1): (€1, Gy, 04) = (Hy, Dy, 81) and (pp,m2): (Cy, Gy, 07) = (Hy, Dy, 65) are a
morphism of crossed modules of groups where u; = p/Ci, i, =pn/Cymy=n/G
andn, =09/ G,.

Taking objects and morphisms as defined above, we obtain the category
CModBiGrps of crossed modules of bigroups.

Note that, CModGrps — InnGrps € CModBiGrps, and since CModGrps ~
CModGrps — InnGrps, we deduce that CModGrps € CModBiGrps , i.e., the category
of crossed modules of groups is embedding (as a subcategory) in the category of
crossed modules of bigroups (via isomorphisms of categories).

EXAMPLES 3.4. (1) Let N be a normal subbigroup of C. Then the inclusion map
together with conjugations action is a crossed module of bigroups (N,C,iy).
Accordingly, any bigroup C may be regarded as a crossed module of bigroups in two
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ways via the identity map or the inclusion map, i.e., (CC,I;) and (1C, C,ilc)
respectively, where 1. denotes the trivial subbigroup.

(2) Any map of abelian bigroups 9:C — G is a crossed module of bigroups with
respect to the trivial action of G on C. Also, for any bigroup C, the inclusion map
i: Cent(C) — C with trivial action is crossed modules of bigroups.

4. BiCrossed Modules of Bigroups
According to the propositions (2.3) and (3.1), we can there is a new isomorphic
between the category of bicrossed modules of groups, BiICModGrps, and the category
of (which we shall call in this paper) bicrossed modules of extended
groups, BiCModGrps — InnGrps, which we will give in the next proposition.

PROPOSITION 4.1. The category of bicrossed modules of groups, BiCModGrps,
and the category of extended crossed modules of groups, CModGrps — InnGrps, are
isomorphic.

Proof:- define a functor F: CmodGrps — CmodGrps — InnGrps as follows:

(i) F((C,GH9,8)) = (C—Inn(C),G—Inn(G),H — Inn(H),{9,0},{5,8}) for all
(C,G,H,0,8) € obBiCmodGrps. Note that, from proposition (3.1) (C — Inn(C),G —
Inn(G), {9,8}) and (C — Inn(C), H — Inn(H), {8, 8}) are extended crossed modules of
groups, and the crossed modules of groups 9:Inn(C) — Inn(G) with &:Inn(C) —
Inn(H) is a bicrossed module of groups (Inn(C),Inn(G),Inn(H),d,8) , clearly is
enough to proof this is show the compatible of the actions of Inn(G) and Inn(H) on
Inn(C) and this satisfied:

fg(fhfc) - fg(fhc) - fghC

= fhgc (since (C, G, H, d,6) is a bicrossed module)

=f =f
h(fg, ) h(fgfc)
For all for all f; € Inn(G), f, € Inn(H) and f; € Inn(C).

This implies that, the extended group homomorphism

{8,0}:C —Inn(C) » G—Inn(G) with {6,6}:C—Inn(C) > H—Inn(H) is a
bicrossed module of extended groups,
(C—Inn(C), G — Inn(G), H — Inn(H), {9, 8}, {5, 8}).

i.e. F((C,G,H,8,8)) = (C — Inn(C), G — Inn(G), H — Inn(H), {9,0},{8,8}) €
obBiCmodGrps — InnGrps .

(DF(L ®) = (KD, 0, M, (w,)),forall

rrrrr
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(3.1) (,m) and (@, ) are morphisms of extended crossed modules of groups, this
implies that (i, 7, @) is a morphism of bicrossed modules of groups, therefore
((u, W, (M, M), (w, (T))) is a morphism of bicrossed modules of extended groups. i.e.

Fim, ) = ((n i), M, (0,®)) €

/////

Also, define a functor T: BiCmodGrps — InnGrps — BiCmodGrps as follows:

() T((C - Inn(C), G — Inn(G), H — Inn(H), {9,3},{5,8})) = (C.G,H,9,5)

, for all (C—Inn(C),G— Inn(G),H — Inn(H),{d, 8},{5,8}) € obBiCmodGrps —
InnGrps, and (i)T((w, D), (1), (0,®)) = (w1, w)forall (D), (7)), (w,®)) €
MOTgiCmodGrps—InnGrps ((c — Inn(C), G — Inn(G), H — Inn(H), {9,3}, {5,5}), (€ -

Inn(€), G — 1nn(G), A — Inn(#), {3,8},{5,5})).
Therefore, it is easy to see that TF = Igicmodcrps @Nd FT = IgicmodGrps—InnGrps-
Thus BiCmodGrps = BiCmodGrps — InnGrps. =

The concept of bicrossed module of extended groups in the previous preposition
can be seen as extended bicrossed module of groups , and which we can extend to a
bicrossed module of bigroups as we shall show that in the beginning of the next
definition.

DEFINITION 4.2. A bicrossed module of bigroups (C,G, H,d,8) consists of two
crossed modules of bigroups (C, G, d) and (C, H, 8) such that (C;, G;,H;,9,,68;) and
(C,, Gy, H,,d,,6,) are a bicrossed modules of groups.

,,,,,

modules of bigroups is a triple of bigroup homomorphisms :C - C , n:G - G and
w:H->H such that (py,ny, wq): (Cy, Gy, Hy,84,8;) — (Cy, Gy, Hy, 04,6;)  and
(M2, M2y @4): (C3, Gy, Hy, 85, 8,) = (€, Gy, Hy, 0,,6,) are morphisms of bicrossed
modules of groups(bimorphisms).

Taking objects and morphisms as defined above, we obtain the category,
BiCModBiGrps, of bicrossed modules of bigroups.
Note that, BiCModGrps — InnGrps € CModBiGrps, and since  BiCModGrps =~
BiCModGrps — InnGrps, we deduce that BiCModGrps € BiCModBiGrps , i.e., the
category of bicrossed modules of groups is embedding (as a subcategory) in the
category of bicrossed modules of bigroups (via isomorphisms of categories).

EXAMPLES 4.4. (1) for any crossed module of bigroups (C,G,d,8), there is a
bicrossed module of bigroups (Cent(C), G, C,d, 1), where 9: Cent(C) — G is defined as
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f(c) if 9(c) € Cente((‘;/\)/ , and the action of Cent(C) on G (8) is
G .

defined as 8(g,c) = {Ce(g, ©) ife(géc‘)/v , for all ge G and c € Cent(C) and

i: Cent(C) — C is an inclusion map with a trivial action.

follows; d(c) = {

(2) for any crossed module of groups (C,G,d,8), there is a bicrossed module of
bigroups (Cent(C) U Cent(Inn(C)), G U Inn(G), C U Inn(C),{d,p;},i) where  the
definitions of 8,p,,i and the actions is are similar to the previous sections and the
above example.

PROPOSITION 4.5. There are two functors F: CmodBiGrps — BiCmodBiGrps and
T: BiCmodBiGrps — CmodBiGrps.

Proof:- define F: CmodBiGrps — BiCmodBiGrps as follows:

(i) F(C,G,d) = (Cent(C),G,C,3,i), forall (C,G,d) € obCmodBiGrps, and

(“) F(H; T]) = (ﬁl n, H), for all (IJ-r T]) € MorCmodBiGrps ((C' G' a)) (C, G' é))
Also, define T: BiCmodBiGrps — CmodBiGrps as follows:

(i  T((C,GH8) = (CCI),forall (C,GH,0,8) € obBiCmodGrps, and
(i)  Funow) =W,

rrrrr

5. Adjoint Pair of Functors
LEMMA 5.1. There are two covariant functors;

(1) The functor F:BiCModBiGrps — BiGrps is defined by:

(i) F(C,G, H,8,8) = (C), forall (C,G,H,9,8) € ObBiCModBiGrps.

(i) L((wn, @) = u,

(2) L: BiGrps — BiCModBiGrps is defined by:

(i) L(C) = (Cent(C),C,C,i,1), forall (C) € ObBiGrps.

(i) L(w = (fLwp) , where i =p/Cent(C) and {i:C - CentC are defined by;
- c) ifp(c) € Cent(C
u(C)z{u() u(c) (€)

1¢ otherwise ' o M orgigrps(C, C)

THEOREM 5.2. L:BiGrps —» BiCModBiGrps is a left adjoint functor of
F: BiCModBiGrps — BiGrps.

Proof. We shall show that there is a natural isomorphism
@: MorBiCModBiGrps(L_r _) - MorBiGrps(_' F _)v where
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Morgicmodsicrps (L= =), Morgigrps(—, F —): BiGrps°P X BiCModBiGrps —» S  are
bifunctors ; the notation BiGrps®P which denotes the opposite (or dual) category of
BiGrps, and S which is the category of sets, are defined respectively by the following
compositions:

LOPXIgicModBiGrps

BiGrps®P x BiCModBiGrps BiCModBiGrps°P x BiCModBiGrps
ECModComp
_— S

IBiGrps""pxF EBiGrps

and BiGrps®P x BiCModBiGrps —— BiGrps®P x BiGrps —— S.
Define a function ®: Morgicmodsicrps (L— —) = Morgigps(—, F —) as follows;

Morgicrps(C,C) is defined by ®(A)((wn, w)) = fi, where {i:C— C is defined as
follows; fi(c) =

{T(C) if p is defined already as a restriction of t: C — C on Cent(C)

: for all
i(c) otherwise

,,,,,

Firstly, we first show that @ is a natural transformation. To do this,

let (llOp ’ (ll' T,]' (b)) € MorBiGrps"priCModBiGrps (A; B), where

,,,,,

commutativity of the following diagram:

A MorgicModBiGrps ((Cent(C), .0, (GG H)) ®(A) M OTgigrps (C. C)

(MOp , (L, 03)) EicModBiGrps ((ﬁOp; uep, HOP)' (M, 01))) BiGrps(p-Opf )
B Morgicmodsicrp ((Cent(D), D,D), (D, E, 1’()) ®(B)  Morpigrps(D, D)
¢et(u1, M, H3) € MOTBicModBiGrps ((Cent(C),C, ), (C,G,H)). erefore
(EBiGrps(lJ-Opr 1y cD(A)) (K1, Hzo M3) = Egigrps (0P, () (@ (A) (g, 1z, 13))

= Epiceps (0P () = il = funfi = i i = (fusifi)

= O(B) (A L, b, dU3p)

= ®(B) ((M, @) (ks iz, 13) (7L 1, u))

= EBiCMOdBiGI‘pS ((ﬁop, uop' HOP)» (i:l' ﬁ' d))) (|J-1' M2, |J-3)
Also, define a function ¥: Morgigrps(—, F —) = Morgicmodsicrps (L—, —) as follows;

zzzzz

WY(C): Morgigrps(C,C) -
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is defined by W(C)(w) = (i, dw, &) ,(where fi = p/Cent(C)), for all
ue MorBiGrps(C, C). We turn now to show that W is a natural transformation.

Let (1P, (1,1, ©)) € Morp;grpsopxBicModsicrps (C, D), where

/////

commutativity of the following diagram:

C Morigrps (G, €) W(C) Morgicuodsicrps ((Cent(C), C,0), (€,6, 1))
(n°P, (L, 1), &) Egigrps (1P, 1) EgicModBiGrps ((ﬁ(’pr WOP, uOP), (1, i, 0'0))
Morgigrgs(D, ) _¥(D) JMoricioasicrps ( (Cent(D), D, D), (B, £ k) )

L%t p; € Morgig.s(C, C). Therefore

(EBiCModBiGrps ((ﬁOP. KOP, 1°P), (L, 1, 0'0)) LI’(C)) (ny) =

EgicModBiGrps ((ﬁ()p' uep, HOp), (1 d))) (ﬁp 3111; 8Ll1) =

(1, @) (g, Oy, Sy ) (1 1) = (A2 A A(Omy )1, (g 1) =

(i, (70) (), (608) ) = (ima it (B Gy ), (4D (na)) =

(i Bling ), @) ) = YO ity ) = (D) (Epicrps (4P, 1) (1) ) =

IP(D)EBiGrps(U-Op: I-D(Hl) :
To proceed the proof, we need only to show that W& = Iyorp o dBiGrps(L—-) and

Y = IMorBiGrps(_'F_)' Let

zzzzz

commutativity of the following diagram:

Morgigrps(C, C) _W(€) | MorgicmodsiGrps ((Cent(C), c,0),(CG, H))
IMorBiGrps(_:F_) (C) CD(C)

MorBiGrps(C; C)
Let
i € Morgigrps(C, C). Therefore

(@©¥(©) (W = PO)(fL, dp, ) =

= IMorBiG:I'JS (C*,u*),(c*,}.’l*) (IJ-)

= <IM0rBiCM0dBiGrps(_rF_)(A)) ().
Likewise, Y& = IMorgicmodnigrps (L—-)- Hence L is a left adjoint functor of F. [
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