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    Abstract:    

     In this work, we generalized the concepts of fuzzy ideal and r-fuzzy local 

function in fuzzy ideal topological space in view of the definition of Šostak 

to fuzzy soft topological spaces. Also, we proved some results and 

connections among them.                                                                                    

 :الخلاصة

الضبابية المحلية في الفضاء التبولوجي – rفي هذا البحث قمنا بتعميم مفاهيم المثالية الضبابية والدالة 

للفضاء التبولوجي الضبابي , الى الفضاءات التبولوجية  Šostakالضبابي المثالي حسب تعريف 

                    الضبابية الواهنة. كذلك برهنا بعض النتائج الخاصة بهذه التعميمات والعلاقات بينها.  

                    

1. Introduction:  

     The concept of fuzzy set introduced by Zadeh [14] in 1965. In 1999, 

Molodtsov [6] introduced the notion of soft set and started to develop the 

basic of the corresponding theory as a new approach for modeling 

uncertainties. Maji et al [4] defined the concept of fuzzy soft sets. Roy and 

Samanta [7]did some modification in fuzzy soft set analogously ideas made 

for soft set. In 1968 Chang [2] defined the fuzzy topology as a family of 

fuzzy sets satisfying three classical axioms. Later fuzzy topology generalized 

in different ways, one of these ways is developed by Šostak [11]. After that 

several authors extended various concepts in classical topology to the 

Šostak's fuzzy topology. Shabir and Naz [10] introduced the concept of soft 
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topological space. Tany and Kandemir [12] introduced the definition of fuzzy 

soft topology over a subset of the initial universe set. Later many authors 

studied it as Roy and Samanta [7],  Varol and Aygun [13] and Cetkin [1] etc. 

kalpana and Kalaivani [3] introduced the concept of fuzzy soft topological 

space in Šostak sense. Saber and Abdel Sattar [8]  introduced the new type of 

fuzzy ideals and fuzzy local function namely fuzzy ideal and r-fuzzy open 

local function and studied many of characterizations, properties and 

connections between it and other corresponding fuzzy concepts are studied. 

    In this paper, we introduced the notions of fuzzy soft ideal and r-fuzzy soft 

open local function and we proved some results related them and discussed 

some relations between them.                                                                              

2. Preliminaries 

   Throughout this paper, let  𝐼 = [0,1], 𝐼0 = (0,1]. 

Definition 2.1 [14] 

     A fuzzy set 𝐴 of a non-empty set 𝑋 is characterized by a membership 

function 𝜇𝐴: 𝑋 → [0,1] whose value 𝜇𝐴(𝑥) represents the "grade of 

membership " of 𝑥 in 𝐴 for 𝑥 ∈ 𝑋. 

      Let 𝐼𝑋 denotes the family of all fuzzy sets on 𝑋. If 𝐴, 𝐵 ∈ 𝐼𝑋, then some 

basic set operation for fuzzy sets are given by Zadeh as follows:   

(1)  𝐴 ≤ 𝐵 ⇔ 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), for all 𝑥 ∈ 𝑋. 

(2)  𝐴 = 𝐵 ⇔ 𝜇𝐴(𝑥) = 𝜇𝐵(𝑥), for all 𝑥 ∈ 𝑋. 

(3)  𝐶 = 𝐴 ∨ 𝐵 ⟺ 𝜇𝐶(𝑥) = 𝜇𝐴(𝑥) ∨ 𝜇𝐵(𝑥) , for all 𝑥 ∈ 𝑋. 

(4)  𝐷 = 𝐴 ∧ 𝐵 ⟺ 𝜇𝐷(𝑥) = 𝜇𝐴(𝑥) ∧ 𝜇𝐵(𝑥) , for all 𝑥 ∈ 𝑋. 

(5)  𝐸 = 𝐴𝑐  ⟺ 𝜇𝐸(𝑥) = 1 − 𝜇𝐴(𝑥) , for all 𝑥 ∈ 𝑋. 

   A fuzzy point in 𝑋, whose value is 𝛼 (0 < 𝛼 ≤ 1) at the support 𝑥 ∈ 𝑋, is 

denoted by 𝑥𝛼 . A fuzzy point 𝑥𝛼 ∈ 𝐴, where 𝐴 is a fuzzy set in 𝑋 iff 𝛼 ≤

𝜇𝐴(𝑥). The class all fuzzy points will be denoted by 𝑆(𝑋). 

Definition 2.2 [5] 

       For two fuzzy sets 𝐴 and 𝐵 in 𝑋, we write 𝐴𝑞𝐵 to mean that 𝐴 is quasi-

coincident with 𝐵, i.e., there exists at least one point 𝑥 ∈ 𝑋 such that 

𝜇𝐴(𝑥) + 𝜇𝐵(𝑥) > 1. If 𝐴 is not quasi-coincident with 𝐵, then we write 𝐴𝑞𝐵. 
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Definition 2.3 [6] 

      Let 𝑋 be the initial universe set and 𝐸 be the set of parameters. A pair 

(𝐹, 𝐴) is called a soft set over 𝑋 where 𝐹 is a mapping given by 𝐹: 𝐴 → 𝑃(𝑋) 

and 𝐴 ⊆ 𝐸. 

Definition 2.4 [6] 

   Let (𝐹, 𝐴)and (𝐺, 𝐴) are two fuzzy soft sets in X, then 

(1)  (𝐹, 𝐴) ⊆ (𝐺, 𝐴) if 𝐹(𝑒) ⊆ G(e)  for every 𝑒 ∈ 𝐸. 

(2)  (𝐹, 𝐴) = (𝐺, 𝐴) if (𝐹, 𝐴) ⊆ (𝐺, 𝐴) and (𝐺, 𝐴) ⊆ (𝐹, 𝐴). 

(3)  (𝐹, 𝐴) is said to be null soft set if for every 𝑒 ∈ 𝐸, 𝐹(𝑒) = ∅. 

(4)  (𝐹, 𝐴) is said to be absolute soft set if for every 𝑒 ∈ 𝐸, 𝐹(𝑒) = 𝑋. 

(5)  If {(𝐹𝑖 , 𝐴): 𝑖 ∈ 𝐼} be a family of soft sets in X, then  

⋃ (𝐹𝑖 , 𝐴)𝑖∈𝐼 = ⋃ {𝐹𝑖(𝑒): 𝑖 ∈ 𝐼}  for every 𝑒 ∈ 𝐸. 

(6)  If {(𝐹𝑖 , 𝐴): 𝑖 ∈ 𝐼} be a family of soft sets in X, then  

⋂ (𝐹𝑖 , 𝐴)𝑖∈𝐼 = ⋂{𝐹𝑖(𝑒): 𝑖 ∈ 𝐼}  for every 𝑒 ∈ 𝐸.  

Definition 2.5 [7] 

      Let 𝐴 ⊆ 𝐸. A fuzzy soft set 𝑓𝐴 over universe 𝑋 is a mapping from the 

parameter set 𝐸 to 𝐼𝑋, i.e.,  𝑓𝐴: 𝐸 → 𝐼𝑋, where 𝑓𝐴(𝑒) ≠ 0𝑋 if 𝑒 ∈ 𝐴 ⊂ 𝐸 and 

𝑓𝐴(𝑒) = 0𝑋 if 𝑒 ∉ 𝐴 where 0𝑋 denotes empty fuzzy set on 𝑋. 

 The family of all fuzzy soft sets in X denoted by (𝑋, 𝐸)̃ . 

Definition 2.6 [7] 

   Let 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃  and 𝐴 ⊆ 𝐸, then 

(1) 𝑓𝐴 is called a fuzzy soft subset of 𝑔𝐵 if 𝑓𝐴(𝑒) ≤ 𝑔𝐵(𝑒) for every 𝑒 ∈ 𝐸 and 

we write 𝑓𝐴 ⊑ 𝑔𝐵 . 

(2) 𝑓𝐴 and 𝑔𝐵 are said to be equal, denoted by 𝑓𝐴 = 𝑔𝐵 if  𝑓𝐴 ⊑ 𝑔𝐵 and 𝑔𝐴 ⊑ 𝑓𝐵. 

(3) The union of 𝑓𝐴 and 𝑔𝐵 is also a fuzzy soft set denoted by ℎ𝐶, defined by 

ℎ𝐶(𝑒) = 𝑓𝐴(𝑒) ∨ 𝑔𝐵(𝑒) for all 𝑒 ∈ 𝐸, where 𝐶 = 𝐴 ∪ 𝐵. Here we write 

ℎ𝐶 = 𝑓𝐴 ⊔ 𝑔𝐵 . 
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(4) The intersection 𝑓𝐴 and 𝑔𝐵 is also a fuzzy soft set denoted by ℎ𝐶, defined by 

ℎ𝐶(𝑒) = 𝑓𝐴(𝑒) ∧ 𝑔𝐵(𝑒) for all 𝑒 ∈ 𝐸, where 𝐶 = 𝐴 ∩ 𝐵. Here we write 

ℎ𝐶 = 𝑓𝐴 ⊓ 𝑔𝐵 . 

(5) The fuzzy soft set 𝑓𝐴  is called null fuzzy soft set if for all 𝑒 ∈ 𝐸, 𝑓𝐴 (𝑒) = 0𝑋 

, dented by 0𝐸. 

(6)  The fuzzy soft set 𝑓𝐴  is called universal fuzzy soft set if for all 𝑒 ∈ 𝐸, 

𝑓𝐴 (𝑒) = 1𝑋 , dented by 1𝐸. 

Definition 2.7 [12] 

      Let 𝑓𝐴 ∈ (𝑋, 𝐸)̃ . The complement of 𝑓𝐴 denoted by 𝑓𝐴
𝑐, is a fuzzy soft set 

defined by 𝑓𝐴
𝑐 = 1 − 𝑓𝐴 for every 𝑒 ∈ 𝐸. 

Let us call 𝑓𝐴
𝑐 to be fuzzy soft complement function of 𝑓𝐴. Clearly (1𝐸)

𝑐 =

0𝐸 and (0𝐸)
𝑐 = 1𝐸 . 

Definition 2.8 [9]  

    The fuzzy soft set 𝑓𝐴 ∈ (𝑋, 𝐸)̃  is called fuzzy soft point if 𝐴 = {𝑒} ⊆ 𝐸 and 

𝑓𝐴(𝑒) is a fuzzy point in 𝑋 i.e. there exist 𝑥 ∈ 𝑋 such that 𝑓𝐴(𝑒)(𝑥) =

𝛼 (0 < 𝛼 ≤ 1) and 𝑓𝐴(𝑒)(𝑦) = 0 for all 𝑦 ∈ 𝑋 − {𝑥}. We denoted this fuzzy 

soft point 𝑓𝐴 = 𝑒𝑥
𝛼 = {(𝑒, 𝑥𝛼)}. 

    The set of all fuzzy soft points in X denoted by 𝐹𝑆𝑃 (𝑋). 

Definition 2.9 [9] 

      Let 𝑓𝐴, 𝑒𝑥
𝛼 ∈ (𝑋, 𝐸)̃ , read as 𝑒𝑥

𝛼 belongs to the fuzzy soft set 𝑓𝐴 if for the 

element 𝑒 ∈ 𝐴, 𝛼 ≤ 𝑓𝐴(𝑒)(𝑥). 

Definition 2.10 [9] 

     Let 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃ . 𝑓𝐴 is said to be soft quasi-conicident with 𝑔𝐵 denoted 

by 𝑓𝐴𝑞𝑔𝐵 . if there exist 𝑒 ∈ 𝐸 and 𝑥 ∈ 𝑋 such that 𝑓𝐴(𝑒)(𝑥) + 𝑔𝐵(𝑒)(𝑥) > 1. 

If 𝑓𝐴 is not soft quasi-conicident with 𝑔𝐵 , then we write   𝑓𝐴𝑞𝑔𝐵 . 

Lemma 2.11 [3] 

      Let ∆ be an index set and 𝑓𝐴, 𝑔𝐵 , ℎ𝐶  , (𝑓𝐴)𝑖 , (𝑔𝐵)𝑖  ∈ (𝑋, 𝐸)̃  , 𝑖 ∈ ∆, then 

we have the following properties: 

(1) 𝑓𝐴 ⊓ 𝑓𝐴 = 𝑓𝐴 , 𝑓𝐴 ⊔ 𝑓𝐴 = 𝑓𝐴. 

(2) 𝑓𝐴 ⊓ 𝑔𝐵 = 𝑔𝐵 ⊓ 𝑓𝐴 , 𝑓𝐴 ⊔ 𝑔𝐵 = 𝑔𝐵 ⊔ 𝑓𝐴. 

(3) 𝑓𝐴 ⊔ (𝑔𝐵 ⊔ ℎ𝐶) = (𝑓𝐴 ⊔ 𝑔𝐵) ⊔ ℎ𝐶  , 𝑓𝐴 ⊓ (𝑔𝐵 ⊓ ℎ𝐶) = (𝑓𝐴 ⊓ 𝑔𝐵) ⊓ ℎ𝐶 . 

(4) 𝑓𝐴 ⊓ (⊔𝑖∈∆ (𝑔𝐵)𝑖) =⊔𝑖∈∆ (𝑓𝐴 ⊓ (𝑔𝐵)𝑖). 
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(5) 𝑓𝐴 ⊔ (⊓𝑖∈∆ (𝑔𝐵)𝑖) =⊓𝑖∈∆ (𝑓𝐴 ⊔ (𝑔𝐵)𝑖). 

(6) 0𝐸 ⊑ 𝑓𝐴 ⊑ 1𝐸 . 

(7) (𝑓𝐴
𝑐)𝑐 = 𝑓𝐴. 

(8) (⊓𝑖∈∆ (𝑓𝐴)𝑖)
𝑐 =⊔𝑖∈∆ (𝑓𝐴)𝑖

𝑐 . 

(9) (⊔𝑖∈∆ (𝑓𝐴)𝑖)
𝑐 =⊓𝑖∈∆ (𝑓𝐴)𝑖

𝑐 . 

(10) If 𝑓𝐴 ⊑ 𝑔𝐵 then 𝑔𝐵
𝑐 ⊑ 𝑓𝐴

𝑐 . 

3. Fuzzy soft topology 

Definition 3.1 [3] 

      A fuzzy soft topology is a map 𝜏: (𝑋, 𝐸)̃ → 𝐼, satisfying the following 

three axioms: 

(1)  𝜏(0𝐸) = 𝜏(1𝐸) = 1, 

(2)  𝜏(𝑓𝐴 ⊓ 𝑔𝐵) ≥ 𝜏(𝑓𝐴) ∧ 𝜏(𝑔𝐵), for all 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃ , 

(3)  𝜏(⊔𝑖∈∆ (𝑓𝐴)𝑖) ≥ ∧𝑖∈∆ 𝜏((𝑓𝐴)𝑖), for all ((𝑓𝐴)𝑖)𝑖∈𝐽 ∈ (𝑋, 𝐸)̃ . 

Then (𝑋, 𝜏, 𝐸) is called a fuzzy soft topological space. 

Example 3.2 [3] 

Let 𝑋 = {𝑥, 𝑦}, 𝐸 = {𝑒1, 𝑒2, 𝑒3} , 𝐴 = {𝑒1, 𝑒2} , 𝐵 = {𝑒2, 𝑒3}, 𝐶 = {𝑒2}. we 

define 𝑓𝐴, 𝑔𝐵 , ℎ𝐶  , 𝑖𝐸 ∈ (𝑋, 𝐸)̃  by 

𝑓𝐴 = {𝑓𝐴(𝑒1)[𝑥,𝑦]
[0.6 ,0.5 ] , 𝑓𝐴(𝑒2)[𝑥,𝑦]

[0.5 ,0.4 ] } , 

𝑔𝐵 = {𝑔𝐵(𝑒2)[𝑥,𝑦]
[0.5 ,0.4 ] , 𝑔𝐵(𝑒3)[𝑥,𝑦]

[0.7 ,0.2 ] }, 

ℎ𝐶 = {ℎ𝐶(𝑒2)[𝑥,𝑦]
[0.5 ,0.4 ]  }, and 

𝑖𝐸 = {𝑖𝐸(𝑒1)[𝑥,𝑦]
[0.5 ,0.4 ] , 𝑖𝐸(𝑒2)[𝑥,𝑦]

[0.5 ,0.4 ] , 𝑖𝐸(𝑒3)[𝑥,𝑦]
[0.7 ,0.2 ] }. 

We define 𝜏: (𝑋, 𝐸)̃ → 𝐼 by  

𝜏(𝑈) =

{
 
 

 
 
1, 𝑈 = 0𝐸  𝑜𝑟 1𝐸  ,
0.6 ,                  𝑈 = 𝑓𝐴,
0.5 ,                 𝑈 = 𝑔𝐵 ,
0.7 ,                 𝑈 = ℎ𝐶 ,
0.5 ,                  𝑈 =   𝑖𝐸 ,
0 ,               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
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Then, (𝑋, 𝜏, 𝐸) is a fuzzy soft topological space. 

Definition 3.3 [ 3] 

      Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space and 𝑓𝐴 ∈ (𝑋, 𝐸)̃ . Then 𝑓𝐴 is 

called fuzzy soft 𝑟 −open (fuzzy soft 𝑟 −closed) if  𝜏(𝑓𝐴) ≥ 𝑟 (𝜏(𝑓𝐴
𝑐) ≥ 𝑟 ) 

,where 𝑟 ∈ 𝐼0. 

Definition 3.4 [3] 

    Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space and 𝑓𝐴 ∈ (𝑋, 𝐸),̃ 𝑟 ∈ 𝐼0. 

Then fuzzy soft 𝑟 −closure of 𝑓𝐴  and fuzzy soft 𝑟 −interior of 𝑓𝐴 is denoted 

by  𝐶𝑙 (𝑓𝐴, 𝑟) and 𝐼𝑛𝑡 (𝑓𝐴, 𝑟), defined by 

(1)  𝐶𝑙 (𝑓𝐴, 𝑟) =⊓ {𝑓𝐶: 𝜏(𝑓𝐶
𝑐) ≥ 𝑟, 𝑓𝐴 ⊑ 𝑓𝐶}. 

(2)  𝐼𝑛𝑡 (𝑓𝐴, 𝑟) =⊔ {𝑓𝐵: 𝜏(𝑓𝐵) ≥ 𝑟, 𝑓𝐵 ⊑ 𝑓𝐴}. 

Clearly, 𝐶𝑙 (𝑓𝐴, 𝑟) is the smallest fuzzy soft 𝑟 −closed which contains 𝑓𝐴 and 

𝐼𝑛𝑡 (𝑓𝐴, 𝑟) is the largest fuzzy soft 𝑟 −open which contained 𝑓𝐴. 

Theorem 3.5 [3] 

     Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space. For each 𝑓𝐴, 𝑔𝐵  ∈

(𝑋, 𝐸)   ̃  and  𝑟 ∈ 𝐼0. Then,  

(1)  𝐶𝑙 (0𝐸 , 𝑟) = 0𝐸 . 

(2)  𝑓𝐴 ⊑ 𝐶𝑙 (𝑓𝐴, 𝑟). 

(3)  𝐶𝑙 (𝐶𝑙 (𝑓𝐴, 𝑟), 𝑟) = 𝐶𝑙 (𝑓𝐴, 𝑟). 

(4)  If 𝑓𝐴 ⊑ 𝑔𝐵 then 𝐶𝑙 (𝑓𝐴, 𝑟) ⊑ 𝐶𝑙 (𝑔𝐵, 𝑟). 

(5)  𝑓𝐴 is fuzzy soft 𝑟 −closed if and only if   𝑓𝐴 = 𝐶𝑙 (𝑓𝐴, 𝑟). 

(6)  𝐶𝑙 (𝑓𝐴 ⊔ 𝑔𝐵 , 𝑟) = 𝐶𝑙 (𝑓𝐴, 𝑟) ⊔ 𝐶𝑙 (𝑔𝐵 , 𝑟). 

(7)   𝐶𝑙 (𝑓𝐴 ⊓ 𝑔𝐵 , 𝑟) ⊑ 𝐶𝑙 (𝑓𝐴, 𝑟) ⊓ 𝐶𝑙 (𝑔𝐵 , 𝑟). 

Theorem 3.6 [3] 

   Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space. For each 𝑓𝐴, 𝑔𝐵  ∈

(𝑋, 𝐸)   ̃  and  𝑟 ∈ 𝐼0. Then, 

(1)  𝐼𝑛𝑡 (1𝐸 , 𝑟) = 1𝐸 . 

(2)  𝐼𝑛𝑡 (𝑓𝐴, 𝑟) ⊑ 𝑓𝐴. 

(3)  𝐼𝑛𝑡 (𝐼𝑛𝑡 (𝑓𝐴, 𝑟), 𝑟) = 𝐼𝑛𝑡 (𝑓𝐴, 𝑟). 
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(4)  If 𝑓𝐴 ⊑ 𝑔𝐵 then 𝐼𝑛𝑡 (𝑓𝐴, 𝑟) ⊑ 𝐼𝑛𝑡 (𝑔𝐵, 𝑟). 

(5)  𝑓𝐴 is fuzzy soft 𝑟 −open  if and only if   𝑓𝐴 = 𝐼𝑛𝑡 (𝑓𝐴, 𝑟). 

(6)  𝐼𝑛𝑡 (𝑓𝐴 ⊓ 𝑔𝐵, 𝑟) = 𝐼𝑛𝑡 (𝑓𝐴, 𝑟) ⊓ 𝐼𝑛𝑡 (𝑔𝐵, 𝑟). 

(7)   𝐼𝑛𝑡 (𝑓𝐴, 𝑟) ⊔ 𝐼𝑛𝑡 (𝑔𝐵 , 𝑟) ⊑ 𝐼𝑛𝑡 (𝑓𝐴 ⊔ 𝑔𝐵, 𝑟). 

4. Fuzzy soft ideal and r-fuzzy soft open local function 

    In this section, we will introduce the following definitions that we need it 

later. 

Definition 4.1 : 

       Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space, for each 𝑓𝐴 ∈

(𝑋, 𝐸) ̃  ,  𝑒𝑥
𝛼 ∈ 𝐹𝑆𝑃 (𝑋) and 𝑟 ∈ 𝐼0. Then 𝑓𝐴 is called 𝑟 −open neighborhood 

of  𝑒𝑥
𝛼 (for short 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟)) if 𝑒𝑥
𝛼𝑞𝑓𝐴 with 𝜏(𝑓𝐴) ≥ 𝑟. 

Definition 4.2 :  

      A mapping 𝐿: (𝑋, 𝐸)̃ → 𝐼, is called a fuzzy soft ideal on 𝑋 if it satisfy the 

following conditions: 

(1)  𝐿(0𝐸) = 1 , 𝐿(1𝐸) = 0, 

(2)  If 𝑓𝐴 ⊑ 𝑔𝐵,  then 𝐿 (𝑔𝐵) ≤ 𝐿 (𝑓𝐴), for every 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃ . 

(3) 𝐿 (𝑓𝐴 ⊔ 𝑔𝐵) ≥ 𝐿 (𝑓𝐴) ∧ 𝐿 (𝑔𝐵), for  𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃ . 

 Then (𝑋, 𝜏, 𝐸, 𝐿) is called fuzzy soft ideal topological space. 

If 𝐿1 and 𝐿2 are fuzzy soft ideals on 𝑋, we say that 𝐿1 is finer than 𝐿2 ( 𝐿2 is 

coarser than 𝐿1 ), denoted by 𝐿2 ≤ 𝐿1 iff 𝐿1(𝑓𝐴) ≤ 𝐿1(𝑓𝐴) forevery 𝑓𝐴 ∈

(𝑋, 𝐸)̃ . 

Definition 4.3 : 

    Let (𝑋, 𝜏, 𝐸, 𝐿) be a fuzzy soft ideal topological space and 𝑓𝐴 ∈ (𝑋, 𝐸)̃ , then 

the 𝑟 −fuzzy soft open local function 𝑓𝐴𝑟
∗ (𝜏, 𝐿) of 𝑓𝐴 is the union of all fuzzy 

soft points 𝑒𝑥
𝛼 such that if 𝑔𝐵 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟) and 𝐿(ℎ𝐶) ≥ 𝑟, then there is at 

least one 𝑦 ∈ 𝑋 for which 𝑔𝐵(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 > ℎ𝐶(𝑒)(𝑦). 

     Let 𝑓𝐴 ∈ (𝑋, 𝐸)̃ , we say that 𝑓𝐴 is 𝑟 −fuzzy soft open locally in 𝐿 at 𝑒𝑥
𝛼 if 

there exist 𝑔𝐵 ∈ 𝑄𝜏(𝑒𝑥
𝛼 , 𝑟) such that for every 𝑦 ∈ 𝑋,  𝑔𝐵(𝑒)(𝑦) +

𝑓𝐴(𝑒)(𝑦) − 1 ≤ ℎ𝐶(𝑒)(𝑦), for some 𝐿(ℎ𝐶) ≥ 𝑟. 

Then, 𝑓𝐴𝑟
∗ (𝜏, 𝐿) is the set of all fuzzy soft points at which 𝑓𝐴 does not have the 

property 𝑟 −fuzzy soft open locally. 

We will write 𝑓𝐴𝑟
∗  or 𝑓𝐴𝑟

∗ (𝐿) instead 𝑓𝐴𝑟
∗ (𝜏, 𝐿). 
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Example  4.4 : 

       Let (𝑋, 𝜏, 𝐸, 𝐿) be a fuzzy soft ideal  topological space. The simplest  

fuzzy soft ideal on 𝑋 is 𝐿𝑜: (𝑋, 𝐸)̃ → 𝐼 where  

𝐿𝑜(ℎ𝐶) = {
1, 𝑖𝑓 ℎ𝐶 = 0𝐸
0 ,                 𝑒. 𝑤.

 

If we take 𝐿 = 𝐿𝑜 , for each 𝑓𝐴 ∈ (𝑋, 𝐸)̃ , we have  𝑓𝐴𝑟
∗ = 𝐶𝑙(𝑓𝐴, 𝑟). 

Theorem  4.5: 

      Let (𝑋, 𝜏, 𝐸) be a fuzzy soft topological space, 𝐿1and 𝐿2 be two fuzzy 

soft ideals of 𝑋. Then for every 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃  , 𝑟 ∈ 𝐼0, we have 

(1)  If 𝑓𝐴 ≤ 𝑔𝐵 , then  𝑓𝐴𝑟
∗ ≤ 𝑔𝐵𝑟

∗ . 

(2)  If 𝐿1 ≤ 𝐿2, then 𝑓𝐴𝑟
∗ ( 𝜏 , 𝐿1) ≥ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2). 

(3)  (𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ ) = (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ . 

(4)  If 𝐿(𝑔𝐵) ≥ 𝑟, then (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ = 𝑓𝐴𝑟

∗ ∨ 𝑔𝐵𝑟
∗ = 𝑓𝐴𝑟

∗ . 

(5)  (𝑓𝐴𝑟
∗ ∧ 𝑔𝐵𝑟

∗ ) ≥ (𝑓𝐴 ∧ 𝑔𝐵)𝑟
∗ .  

Proof  : 

(1)  Suppose that 𝑓𝐴, 𝑔𝐵 ∈ (𝑋, 𝐸)̃  and  𝑟 ∈ 𝐼0 such that 𝑓𝐴𝑟
∗ ≰ 𝑔𝐵𝑟

∗                  

 ⟹ there exists 𝑥 ∈ 𝑋 and 𝑡 ∈ 𝐼0 such that 𝑓𝐴𝑟
∗ (𝑒)(𝑥) ≥ 𝑡 > 𝑔𝐵𝑟

∗ (𝑒)(𝑥)… .∗ 

Since 𝑔𝐵𝑟
∗ (𝑒)(𝑥) < 𝑡, there exists ℎ𝐷 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟)with 𝐿(𝑖𝐶) ≥ 𝑟 such that for 

every 𝑦 ∈ 𝑋, we have  ℎ𝐷(𝑒)(𝑦) + 𝑔𝐵(𝑒)(𝑦) − 1 ≤ 𝑖𝐶(𝑒)(𝑦). 

Since 𝑓𝐴 ≤ 𝑔𝐵, ℎ𝐷(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑖𝐶(𝑒)(𝑦). 

So,  𝑓𝐴𝑟
∗ (𝑒)(𝑥) < 𝑡  this is contradiction with ∗. 

Hence,  𝑓𝐴𝑟
∗ ≤ 𝑔𝐵𝑟

∗ . 

(2)  Suppose that 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1) ≱ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2), then there exists 𝑥 ∈ 𝑋 and 𝑡 ∈ 𝐼0, 

such that  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) < 𝑡 ≤ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2)(𝑒)(𝑥)… .∗ 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐼1)(𝑒)(𝑥) < 𝑡, then there exists ℎ𝐷 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟)with 𝐿1(𝑖𝐶) ≥ 𝑟 

such that for every 𝑦 ∈ 𝑋,  

we have  ℎ𝐷(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑖𝐶(𝑒)(𝑦). 

Since 𝑟 ≤ 𝐿1(𝑖𝐶) ≤ 𝐿2(𝑖𝐶), ℎ𝐷(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑖𝐶(𝑒)(𝑦). 

Thus,  𝑓𝐴𝑟
∗ (𝐼2, 𝜏)(𝑒)(𝑥) < 𝑡   it is contradiction with  ∗. 

Therefore,  𝑓𝐴𝑟
∗ (𝐼1, 𝜏) ≥ 𝑓𝐴𝑟

∗ (𝐼2, 𝜏).  

(3)  (⟹) Since 𝑓𝐴, 𝑔𝐵 ≤ 𝑓𝐴 ∨ 𝑔𝐵 . By (1) we have                                                                       

𝑓𝐴𝑟
∗ ≤ (𝑓𝐴 ∨ 𝑔𝐵)𝑟

∗   and  𝑔𝐵𝑟
∗ ≤ (𝑓𝐴 ∨ 𝑔𝐵)𝑟

∗ . 

Hence, 𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ ≤ (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ … . . … (1) 
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(⟸) Suppose that (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ ≰ 𝑓𝐴𝑟

∗ ∨ 𝑔𝐵𝑟
∗ .  

Then, there exist 𝑥 ∈ 𝑋 and 𝑡 ∈ 𝐼0 such that 

 (𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ )(𝑒)(𝑥) < 𝑡 ≤ (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗(𝑒)(𝑥)   . . … ∗ 

Since (𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ )(𝑒)(𝑥) < 𝑡 ⟹ 𝑓𝐴𝑟
∗ (𝑒)(𝑥) < 𝑡 and  𝑔𝐵𝑟

∗ (𝑒)(𝑥) < 𝑡. 

Then, there exists ℎ𝐷1 ∈ 𝑄𝜏(𝑒𝑥
𝛼 , 𝑟)such that for every 𝑦 ∈ 𝑋, and for some 

𝐿(𝑖𝐶1) ≥ 𝑟 we have  ℎ𝐷1(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑖𝐶1(𝑒)(𝑦). 

Similarly, there exists 𝑗𝐷2 ∈ 𝑄𝜏(𝑒𝑥
𝛼 , 𝑟)such that for every 𝑦 ∈ 𝑋, and for some 

𝐿(𝑙𝐶2) ≥ 𝑟 we have  𝑗𝐷2(𝑒)(𝑦) + 𝑔𝐵(𝑒)(𝑦) − 1 ≤ 𝑙𝐶2(𝑒)(𝑦). 

Since ℎ𝐷1 ∧ 𝑗𝐷2 ∈ 𝑄𝜏(𝑒𝑥
𝛼 , 𝑟)and by Definition 4.3 𝐿(𝑖𝑐1 ∨ 𝑙𝑐2) ≥ 𝑟.  

Thus, for every 𝑦 ∈ 𝑋, (ℎ𝐷1 ∧ 𝑗𝐷2)(𝑒)(𝑦) + (𝑓𝐴 ∨ 𝑔𝐵)(𝑒)(𝑦) − 1 ≤

(𝑖𝑐1 ∨ 𝑙𝑐2)(𝑒)(𝑦). 

Therefore, (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗(𝑒)(𝑥) < 𝑡, this is contradiction with  ∗. 

Hence, 𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ ≥ (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗   . . … (2) 

We have from (1) and (2) that  𝑓𝐴𝑟
∗ ∨ 𝑔𝐵𝑟

∗ = (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ . 

(4)  Suppose that 𝑒𝑥
𝛼 ∈ (𝑓𝐴 ∨ 𝑔𝐵)𝑟

∗  , from (3), we get 

 𝑒𝑥
𝛼 ∈ 𝑓𝐴𝑟

∗ ∨ 𝑔𝐵𝑟
∗  ⟹ 𝑒𝑥

𝛼 ∈ 𝑓𝐴𝑟
∗  𝑜𝑟 𝑒𝑥

𝛼 ∈ 𝑔𝐵𝑟
∗  

If 𝑒𝑥
𝛼 ∈ 𝑓𝐴𝑟

∗ ⟹ (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ ≤ 𝑓𝐴𝑟

∗ ……..(1) 

Since 𝑓𝐴 ≤ 𝑓𝐴 ∨ 𝑔𝐵 ⟹ 𝑓𝐴𝑟
∗ ≤ (𝑓𝐴 ∨ 𝑔𝐵)𝑟

∗   

If 𝑒𝑥
𝛼 ∈ 𝑔𝐵𝑟

∗ , similarly get (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ ≤ 𝑔𝐵𝑟

∗ ……(2) 

From (1) and (2) we have (𝑓𝐴 ∨ 𝑔𝐵)𝑟
∗ = 𝑓𝐴𝑟

∗ ∨ 𝑔𝐵𝑟
∗ = 𝑓𝐴𝑟

∗  

(5)  Since 𝑓𝐴 ∧ 𝑔𝐵 ≤ 𝑓𝐴, then from (1)  (𝑓𝐴 ∧ 𝑔𝐵)𝑟
∗ ≤ 𝑓𝐴𝑟

∗ …(∗). 

Also, 𝑓𝐴 ∧ 𝑔𝐵 ≤ 𝑔𝐵, then  (𝑓𝐴 ∧ 𝑔𝐵)𝑟
∗ ≤ 𝑔𝐵𝑟

∗ …(∗∗). 

From (∗) and (∗∗), we get (𝑓𝐴 ∧ 𝑔𝐵)𝑟
∗ ≤ 𝑓𝐴𝑟

∗ ∧ 𝑔𝐵𝑟
∗ . 

Theorem 4.6 : 

Let (𝑋, 𝜏, 𝐸, 𝐿) be a fuzzy soft ideal topological space and  {𝑓𝐴𝑖 , 𝑖 ∈ 𝐽} ⊂

(𝑋, 𝐸)̃  . Then : 

(1)  (∨ (𝑓𝐴𝑖)𝑟
∗
∶ 𝑖 ∈ 𝐽) ≤ (∨ 𝑓𝐴𝑖 ∶ 𝑖 ∈ 𝐽)𝑟

∗
. 

(2)  (∧ 𝑓𝐴𝑖 ∶ 𝑖 ∈ 𝐽)𝑟
∗
≤ (∧ (𝑓𝐴𝑖)𝑟

∗
∶ 𝑖 ∈ 𝐽). 

Proof : 

(1)  Since 𝑓𝐴𝑖 ≤ ∨ 𝑓𝐴𝑖  , ∀𝑖 ∈ 𝐽, by Theorem 4.5   

we get (𝑓𝐴𝑖)𝑟
∗
≤ (∨ 𝑓𝐴𝑖)𝑟

∗
, ∀𝑖 ∈ 𝐽, then ∨ (𝑓𝐴𝑖)𝑟

∗
≤ (∨ 𝑓𝐴𝑖)𝑟

∗
. 
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(2)  Since  ∧ 𝑓𝐴𝑖 ≤ 𝑓𝐴𝑖  , ∀𝑖 ∈ 𝐽, then (∧ 𝑓𝐴𝑖)𝑟
∗
≤ (𝑓𝐴𝑖)𝑟

∗
 , ∀𝑖 ∈ 𝐽. 

Thus, (∧ 𝑓𝐴𝑖 ∶ 𝑖 ∈ 𝐽)𝑟
∗
≤ (∧ (𝑓𝐴𝑖)𝑟

∗
∶ 𝑖 ∈ 𝐽). 

Definition 4.7: 

      Let (𝑋, 𝜏, 𝐸, 𝐿) be a fuzzy soft ideal topological space and 𝑓𝐴 ∈ (𝑋, 𝐸)̃ . 

We define the fuzzy soft closure operator 𝐶𝑙∗(𝑓𝐴, 𝑟) and fuzzy soft interior 

operator denoted by 𝐼𝑛𝑡∗(𝑓𝐴, 𝑟), as follows 

 𝐶𝑙∗(𝑓𝐴, 𝑟) = 𝑓𝐴 ∨ 𝑓𝐴𝑟
∗   ,   𝐼𝑛𝑡∗(𝑓𝐴, 𝑟) = 𝑓𝐴 ∧ ((𝑓𝐴

𝑐)𝑟
∗)𝑐 . 

Also, 𝜏∗(𝐼) is called a fuzzy soft topological, generated by 𝐶𝑙∗(𝑓𝐴, 𝑟) such 

that  𝜏∗(𝐼)(𝑓𝐴) =∨ {𝑟 ∶  𝐶𝑙
∗(𝑓𝐴

𝑐 , 𝑟) = 𝑓𝐴
𝑐}. 

If 𝐿 = 𝐿0, then 𝐶𝑙∗(𝑓𝐴, 𝑟) = 𝑓𝐴 ∨ 𝑓𝐴𝑟
∗ = 𝑓𝐴 ∨ 𝐶𝑙(𝑓𝐴, 𝑟) = 𝐶𝑙(𝑓𝐴, 𝑟)  

For 𝑓𝐴 ∈ (𝑋, 𝐸)̃ . So 𝜏∗(𝐿0) = 𝜏. 

Theorem 4.8 : 

Let (𝑋, 𝜏, 𝐸, 𝐿) be a fuzzy soft ideal topological space and  𝑓𝐴, 𝑔𝐵 ∈

(𝑋, 𝐸)̃   and 𝑟 ∈ 𝐼0. Then : 

(1)  𝐶𝑙∗(𝑓𝐴
𝑐 , 𝑟) = (𝐼𝑛𝑡∗(𝑓𝐴, 𝑟))

𝑐
 and (𝐶𝑙∗(𝑓𝐴, 𝑟))

𝑐
= 𝐼𝑛𝑡∗(𝑓𝐴

𝑐 , 𝑟). 

(2)  𝐼𝑛𝑡∗(𝑓𝐴 ∧ 𝑔𝐵, 𝑟) = 𝐼𝑛𝑡
∗(𝑓𝐴, 𝑟) ∧ 𝐼𝑛𝑡

∗(𝑔𝐵, 𝑟). 

(3)  𝐼𝑛𝑡∗(𝑓𝐴 ∨ 𝑔𝐵, 𝑟) ≤ 𝐼𝑛𝑡
∗(𝑓𝐴, 𝑟) ∨ 𝐼𝑛𝑡

∗(𝑔𝐵, 𝑟). 

(4)  𝐼𝑛𝑡(𝑓𝐴, 𝑟) ≤ 𝐼𝑛𝑡
∗(𝑓𝐴, 𝑟) ≤ 𝑓𝐴 ≤ 𝐶𝑙

∗(𝑓𝐴, 𝑟) ≤ 𝐶𝑙(𝑓𝐴, 𝑟). 

Proof :  

(1)  𝐶𝑙∗(𝑓𝐴
𝑐 , 𝑟) = 𝑓𝐴

𝑐 ∨ (𝑓𝐴
𝑐)𝑟
∗ = 𝑓𝐴

𝑐 ∨ (((𝑓𝐴
𝑐)𝑟
∗)𝑐)𝑐 = (𝑓𝐴 ∧ ((𝑓𝐴

𝑐)𝑟
∗)𝑐)𝑐 

= (𝐼𝑛𝑡∗(𝑓𝐴, 𝑟))
𝑐
. 

(2) 𝐼𝑛𝑡∗(𝑓𝐴 ∧ 𝑔𝐵, 𝑟) = (𝑓𝐴 ∧ 𝑔𝐵) ∧ (((𝑓𝐴 ∧ 𝑔𝐵)
𝑐)𝑟
∗)𝑐 

= (𝑓𝐴 ∧ 𝑔𝐵) ∧ ((𝑓𝐴
𝑐 ∨ 𝑔𝐵

𝑐 )𝑟
∗)𝑐 = (𝑓𝐴 ∧ 𝑔𝐵) ∧ (((𝑓𝐴

𝑐)𝑟
∗ ∨ (𝑔𝐵

𝑐 )𝑟
∗  ))

𝑐
 

= (𝑓𝐴 ∧ 𝑔𝐵) ∧ ((𝑓𝐴
𝑐)𝑟
∗)𝑐 ∧ ((𝑔𝐵

𝑐 )𝑟
∗)𝑐  

= [𝑓𝐴 ∧ ((𝑓𝐴
𝑐)𝑟
∗)𝑐] ∧ [𝑔𝐵 ∧ ((𝑔𝐵

𝑐 )𝑟
∗)𝑐] = 𝐼𝑛𝑡∗(𝑓𝐴, 𝑟) ∧ 𝐼𝑛𝑡

∗(𝑔𝐵, 𝑟). 

(3)  and (4) follows from definitions of  𝐼𝑛𝑡∗ , 𝐶𝑙∗  and 𝐶𝑙. 

Theorem 4.9 : 

     Let (𝑋, 𝜏1, 𝐸, 𝐼) and (𝑋, 𝜏2, 𝐸, 𝐼) are fuzzy soft ideal topological spaces and  

𝜏1 ≤ 𝜏2. Then: 

(1)  𝑓𝐴𝑟
∗ (𝜏2, 𝐿) ≤ 𝑓𝐴𝑟

∗ (𝜏1, 𝐿), 

(2)  𝜏1
∗(𝐿) ≤ 𝜏2

∗(𝐿). 

Proof :  
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(1)  Suppose that 𝑓𝐴𝑟
∗ (𝜏2, 𝐿) ≰ 𝑓𝐴𝑟

∗ (𝜏1, 𝐿), then there exist 𝑥 ∈ 𝑋 and 𝑡 ∈ 𝐼0 such 

that 𝑓𝐴𝑟
∗ (𝜏2, 𝐿)(𝑒)(𝑥) ≥ 𝑡 > 𝑓𝐴𝑟

∗ (𝜏1, 𝐿)(𝑒)(𝑥)… . .∗ 

Since 𝑓𝐴𝑟
∗ (𝜏1, 𝐿)(𝑒)(𝑥) < 𝑡, there exists ℎ𝐶 ∈ 𝑄𝜏1(𝑒𝑥

𝛼 , 𝑟) with 𝐿(𝑗𝐷) ≥ 𝑟  such 

that for every 𝑦 ∈ 𝑋, we have  ℎ𝐶(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑗𝐷(𝑒)(𝑦). 

Since  𝜏1 ≤ 𝜏2, ℎ𝐶 ∈ 𝑄𝜏2(𝑒𝑥
𝛼 , 𝑟). 

Thus, 𝑓𝐴𝑟
∗ (𝜏2, 𝐿)(𝑒)(𝑥) < 𝑡, and this contradiction with  ∗. 

Hence, 𝑓𝐴𝑟
∗ (𝜏2, 𝐿) ≤ 𝑓𝐴𝑟

∗ (𝜏1, 𝐿). 

(2)  Suppose that  𝑓𝐴 ∈ 𝜏1
∗(𝐿) by definition of  𝜏∗,  

we have 𝐶𝑙𝜏1
∗ (𝑓𝐴

𝑐 , 𝑟) = 𝑓𝐴
𝑐 then 𝑓𝐴

𝑐 ∨ (𝑓𝐴
𝑐)𝑟
∗ = 𝑓𝐴

𝑐 and 

𝐶𝑙𝜏2
∗ (𝑓𝐴

𝑐, 𝑟) = 𝑓𝐴
𝑐 ∨ (𝑓𝐴

𝑐)𝑟
∗  . 

From (1), 𝑓𝐴
𝑐 ∨ (𝑓𝐴

𝑐)𝑟
∗(𝜏2) ≤ 𝑓𝐴

𝑐 ∨ (𝑓𝐴
𝑐)𝑟
∗(𝜏1) = 𝑓𝐴

𝑐 , then  

𝑓𝐴
𝑐 ∨ (𝑓𝐴

𝑐)𝑟
∗(𝜏2) ≤ 𝑓𝐴

𝑐 ⟹ 𝐶𝑙𝜏2
∗ (𝑓𝐴

𝑐, 𝑟) ≤ 𝑓𝐴
𝑐 .       

Since 𝑓𝐴
𝑐 ≤ 𝐶𝑙𝜏2

∗ (𝑓𝐴
𝑐 , 𝑟) .  

Hence,  𝑓𝐴
𝑐 = 𝐶𝑙𝜏2

∗ (𝑓𝐴
𝑐 , 𝑟) . 

Therefore,  𝑓𝐴 ∈ 𝜏2
∗(𝐿).  

So, 𝜏1
∗(𝐿) ≤ 𝜏2

∗(𝐿). 

Theorem 4.10 : 

    Let (𝑋, 𝜏, 𝐸, 𝐿1) and (𝑋, 𝜏, 𝐸, 𝐿2) are two fuzzy soft ideal topological 

spaces and  𝐿1 ≤ 𝐿2. Then: 

(1)  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1) ≥ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2), 

(2)  𝜏∗(𝐿1) ≤ 𝜏∗(𝐿2). 

Proof :  

1) Suppose that 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1) ≱ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2), then there exist 𝑥 ∈ 𝑋 and 𝑡 ∈ 𝐼0 such 

that 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) < 𝑡 ≤ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2)(𝑒)(𝑥)… ∗ 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) < 𝑡, there exists ℎ𝐷 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟)with 𝐿1(𝑗𝐶) ≥ 𝑟  

such that for every 𝑦 ∈ 𝑋, we have  ℎ𝐷(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑗𝐶(𝑒)(𝑦). 

Since  𝐿1 ≤ 𝐿2,  then 𝐿2(𝑗𝐶) ≥ 𝑟 

Thus, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿2)(𝑒)(𝑥) < 𝑡 and this contradiction with  ∗. 

Therefore, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1) ≥ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2). 

2) Let 𝑓𝐴 ∈ 𝜏
∗(𝐿1) by definition 4.7   ⟹ 𝐶𝑙∗(𝑓𝐴

𝑐 , 𝑟) = 𝑓𝐴
𝑐
 

⟹ 𝑓𝐴
𝑐  ∨ (𝑓𝐴

𝑐)𝑟
∗(𝐿1) = 𝑓𝐴

𝑐 . 

Now, 𝐶𝑙∗(𝑓𝐴
𝑐 , 𝑟) = 𝑓𝐴

𝑐  ∨ (𝑓𝐴
𝑐)𝑟
∗(𝐿2) 

Since 𝐿1 ≤ 𝐿2, by Theorem 4.5 (2), we get   
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(𝑓𝐴
𝑐)𝑟
∗(𝐿2) ≤ (𝑓𝐴

𝑐)𝑟
∗(𝐿1)  ⟹ (𝑓𝐴

𝑐)𝑟
∗(𝐿2) ≤ 𝑓𝐴

𝑐
 

⟹ 𝑓𝐴
𝑐  ∨ (𝑓𝐴

𝑐)𝑟
∗(𝐿2) = 𝑓𝐴

𝑐
  

⟹ 𝑓𝐴 ∈ 𝜏
∗(𝐿2) and therefore, 𝜏∗(𝐿1) ≤ 𝜏

∗(𝐿2). 

Definition 4.11 : 

     Let 𝜃 be a subset of (𝑋, 𝐸)̃  and 0𝐸 ∉ 𝜃. Then a mapping 𝛽: 𝜃 → 𝐼 is called 

a fuzzy soft base on 𝑋 if the following condition satisfy: 

(1)  𝛽(1𝐸) = 1, 

(2)  𝛽(𝑓𝐴 ∧ 𝑔𝐵) ≥ 𝛽(𝑓𝐴) ∧ 𝛽(𝑔𝐵), for all 𝑓𝐴, 𝑔𝐵 ∈ 𝜃. 

Theorem 4.12: 

    Let 𝜃 be a subset of (𝑋, 𝐸)̃  and 0𝐸 ∉ 𝜃. We define a mapping 𝛽: 𝜃 → 𝐼 on 

𝑋 as following   𝛽(𝑓𝐴) =∨ {𝜏(𝑔𝐵) ∧ 𝐼(ℎ𝐷)  ∶  𝑓𝐴 = 𝑔𝐵 ∧ ℎ𝐷
𝑐 }.  

Then 𝛽 is base for the fuzzy soft topology 𝜏∗. 

Proof : 

1) Since 𝐿(0𝐸) = 1 then 𝛽(1𝐸) = 1. 

2) Suppose that 𝑓𝐴, 𝑔𝐵 ∈ 𝜃 such that 𝛽(𝑓𝐴 ∧ 𝑔𝐵) ≱ 𝛽(𝑓𝐴) ∧ 𝛽(𝑔𝐵). 

There exists 𝑡 ∈ 𝐼0, such that 𝛽(𝑓𝐴 ∧ 𝑔𝐵) < 𝑡 ≤ 𝛽(𝑓𝐴) ∧ 𝛽(𝑔𝐵)… ∗ 

𝑡 ≤ 𝛽(𝑓𝐴) ∧ 𝛽(𝑔𝐵) then 𝑡 ≤ 𝛽(𝑓𝐴) and 𝑡 ≤ 𝛽(𝑔𝐵), there exist 𝑖𝐶  , ℎ𝐷, 𝑗𝑀, 𝑙𝑁 ∈

𝜃, whit  𝑓𝐴 = 𝑖𝐶 ∧ 𝑗𝑀
𝑐  and 𝑔𝐵 = ℎ𝐷 ∧ 𝑙𝑁

𝑐 . 

Such that 𝛽(𝑓𝐴) ≥ 𝜏(𝑖𝐶) ∧ 𝐿(𝑗𝑀) ≥ 𝑡 and  

𝛽(𝑔𝐵) ≥ 𝜏(ℎ𝐷) ∧ 𝐿(𝑙𝑁) ≥ 𝑡 

𝑓𝐴 ∧ 𝑔𝐵 = (𝑖𝐶 ∧ 𝑗𝑀
𝑐 ) ∧ (ℎ𝐷 ∧ 𝑙𝑁

𝑐 ) = (𝑖𝐶 ∧ ℎ𝐷)  ∧ (𝑗𝑀
𝑐 ∧ 𝑙𝑁

𝑐 )

= (𝑖𝐶 ∧ ℎ𝐷)  ∧ (𝑗𝑀 ∨ 𝑙𝑁)
𝑐 . 

Hence,  𝛽(𝑓𝐴 ∧ 𝑔𝐵) ≥ 𝜏(𝑖𝐶 ∧ ℎ𝐷)  ∧ 𝐿(𝑗𝑀 ∨ 𝑙𝑁) 

                                     ≥ 𝜏(𝑖𝐶) ∧ 𝜏(ℎ𝐷)  ∧ 𝐿(𝑗𝑀) ∧  𝐿(𝑙𝑁)

= (𝜏(𝑖𝐶) ∧ 𝐿(𝑗𝑀))  ∧ (𝜏(ℎ𝐷) ∧  𝐿(𝑙𝑁)) ≥ 𝑡 

𝛽(𝑓𝐴 ∧ 𝑔𝐵) ≥ 𝑡  this is contradiction with  ∗. 

Therefore,  𝛽(𝑓𝐴 ∧ 𝑔𝐵) ≥ 𝛽(𝑓𝐴) ∧ 𝛽(𝑔𝐵). 

Then 𝛽 is a base of a fuzzy soft topology 𝜏∗. 

Theorem 4.13 : 

     Let (𝑋, 𝜏, 𝐸)  be a fuzzy soft topological space and  𝐿1, 𝐿2 are two fuzzy 

soft ideals on 𝑋, then for any 𝑓𝐴 ∈ (𝑋, 𝐸)̃  and 𝑟 ∈ 𝐼0,  

(1)  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) = 𝑓𝐴𝑟

∗ (𝜏 , 𝐿1)  ∨  𝑓𝐴𝑟
∗ (𝜏 , 𝐿2), 

(2)  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∨ 𝐿2) = 𝑓𝐴𝑟

∗ (𝜏∗(𝐼2) , 𝐿1, )  ∧  𝑓𝐴𝑟
∗ (𝜏∗(𝐼1) , 𝐿2). 
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Proof : 

(1)  Suppose that  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) ≰ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿1)  ∨  𝑓𝐴𝑟
∗ (𝜏 , 𝐿2), then there exist 

𝑥 ∈ 𝑋 , 𝑡 ∈ 𝐼0 such that 

 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2)(𝑒)(𝑥) ≥ 𝑡 > 𝑓𝐴𝑟

∗ (𝜏 , 𝐿1)(𝑒)(𝑥) ∨ 𝑓𝐴𝑟
∗ (𝜏 , 𝐿2)(𝑒)(𝑥)… ∗ 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) ∨ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿2)(𝑒)(𝑥) < 𝑡 

𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) < 𝑡   and   𝑓𝐴𝑟

∗ (𝜏 , 𝐿2)(𝑒)(𝑥) < 𝑡 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1)(𝑒)(𝑥) < 𝑡, there exists ℎ𝐷 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟) and for some 

𝐿1(𝑖𝐶) ≥ 𝑟  such that for every 𝑦 ∈ 𝑋, we have  ℎ𝐷(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤

𝑖𝐶(𝑒)(𝑦). 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐿2)(𝑒)(𝑥) < 𝑡, there exists 𝑗𝑀 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟) and for some 

𝐿2(𝑙𝑁) ≥ 𝑟  such that for every 𝑦 ∈ 𝑋, we have  𝑗𝑀(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤

𝑙𝑁(𝑒)(𝑦). 

Therefore, (ℎ𝐷 ∧ 𝑗𝑀)(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ (𝑖𝐶 ∧ 𝑙𝑁)(𝑒)(𝑦), for every 

𝑦 ∈ 𝑋. 

Since  ℎ𝐷 ∧ 𝑗𝑀 ∈ 𝑄𝜏(𝑒𝑥
𝛼 , 𝑟) and 𝐿1 ∧ 𝐿2 (𝑖𝐶 ∧ 𝑙𝑁) ≥ 𝑟. 

Hence, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) < 𝑡, this contradiction with  ∗. 

So, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) ≤ 𝑓𝐴𝑟

∗ (𝜏 , 𝐿1)  ∨  𝑓𝐴𝑟
∗ (𝜏 , 𝐿2). 

Also, since 𝐿1, 𝐿2 ≥ 𝐿1 ∧ 𝐿2 by Theorem 4.5 (2) then  

𝑓𝐴𝑟
∗ (𝐿1 ∧ 𝐿2) ≥ 𝑓𝐴𝑟

∗ (𝐿1) and 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) ≥ 𝑓𝐴𝑟

∗ (𝐿2) 

𝑓𝐴𝑟
∗ (𝐿1 ∧ 𝐿2) ≥ 𝑓𝐴𝑟

∗ (𝐿1) ∨ 𝑓𝐴𝑟
∗ (𝐿2). 

Then, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∧ 𝐿2) = 𝑓𝐴𝑟

∗ (𝜏 , 𝐿1)  ∨  𝑓𝐴𝑟
∗ (𝜏 , 𝐿2). 

(2)  Suppose that  𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∨ 𝐿2) ≱ 𝑓𝐴𝑟

∗ (𝜏∗(𝐿2) , 𝐿1)  ∧  𝑓𝐴𝑟
∗ (𝜏∗(𝐿1) , 𝐿2), then 

there exist 𝑥 ∈ 𝑋 , 𝑡 ∈ 𝐼0 such that 

𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∨ 𝐿2)(𝑒)(𝑥) < 𝑡

≤ 𝑓𝐴𝑟
∗ (𝜏∗(𝐿2) , 𝐿1)(𝑒)(𝑥) ∧ 𝑓𝐴𝑟

∗ (𝜏∗(𝐿1) , 𝐿2)(𝑒)(𝑥)… ∗ 

Since 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∨ 𝐿2)(𝑒)(𝑥) < 𝑡, there exists ℎ𝐷 ∈ 𝑄𝜏(𝑒𝑥

𝛼 , 𝑟) and for some 

(𝐿1 ∨ 𝐿2)(𝑔𝐵) ≥ 𝑟  such that for every 𝑦 ∈ 𝑋, we have  ℎ𝐷(𝑒)(𝑦) +

𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑔𝐵(𝑒)(𝑦). 

Since 𝜏 ≤ 𝜏∗ we can find  𝑗𝑀 ∈ 𝑄𝜏∗(𝐿1)(𝑒𝑥
𝛼 , 𝑟) or  𝑖𝑁 ∈ 𝑄𝜏∗(𝐿2)(𝑒𝑥

𝛼 , 𝑟)  such 

that for every 𝑦 ∈ 𝑋, and for some 𝐿1(𝑙𝑅) ≥ 𝑟 or 𝐿2(𝑝𝑇) ≥ 𝑟        we have  

𝑗𝑀(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑙𝑅(𝑒)(𝑦) or 

 𝑖𝑁(𝑒)(𝑦) + 𝑓𝐴(𝑒)(𝑦) − 1 ≤ 𝑝𝑇(𝑒)(𝑦). 
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This implies that 𝑓𝐴𝑟
∗ (𝐿2, 𝜏

∗(𝐼1))(𝑒)(𝑥) < 𝑡 or 𝑓𝐴𝑟
∗ (𝐿1, 𝜏

∗(𝐼2))(𝑒)(𝑥) < 𝑡  this 

contradiction with  ∗. 

Thus, 𝑓𝐴𝑟
∗ (𝜏 , 𝐿1 ∨ 𝐿2) ≥ 𝑓𝐴𝑟

∗ (𝜏∗(𝐿2) , 𝐿1)  ∧  𝑓𝐴𝑟
∗ (𝜏∗(𝐿1) , 𝐿2). 

Similarly, we can prove  

𝑓𝐴𝑟
∗ (𝜏, 𝐿1 ∨ 𝐿2) ≤ 𝑓𝐴𝑟

∗ (𝜏∗(𝐿2) , 𝐿1)  ∧  𝑓𝐴𝑟
∗ (𝜏∗(𝐿1) , 𝐿2).  

Theorem 4.14 : 

    Let (𝑋, 𝜏, 𝐸, 𝐿)  be a fuzzy soft ideal topological space. For any 𝑓𝐴 ∈ (𝑋, 𝐸)̃  

and 𝑟 ∈ 𝐼0,then 𝑓𝐴𝑟
∗ (𝐿) = 𝑓𝐴𝑟

∗ (𝜏∗ , 𝐿 ) and 𝜏∗(𝐿) = 𝜏∗∗. 

Proof: 

By putting 𝐿1 = 𝐿2 and using Theorem 4.13, we have required result. 
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