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Abstract: The purpose of this paper is to introduce the notion of fuzzy
neutrosophic soft ideal in fuzzy neutrosophic soft set theory. The concept
of fuzzy neutrosophic soft local function is also introduced. These
concepts are discussed with a view to find new fuzzy neutrosophic soft
topologies from the original one. The basic structure, especially a basis
for such generated fuzzy neutrosophic soft topologies also studied here.
Finally, the notion of compatibility of fuzzy neutrosophic soft ideals with
fuzzy neutrosophic soft topologies is introduced and some equivalent
conditions concerning this topic are established here.
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1. Introduction:

The fuzzy set was presented by Zadeh[16] in 1965 where every
element had a degree of membership. The intuitionistic fuzzy set on a
universe X was presented by K. Atanaasov [3] in 1983 as a
generalization of fuzzy set. The idea of Neutrosophic set was presented
by F. Smarandache [14] which is a mathematical instrument for dealing
with issues including uncertain, indeterminacy and conflicting
information. In 1999, Molodtsov [10], initiated the novel concept of soft
set theory, which was a totally new methodology for demonstrating
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vulnerability and had a rich potential for application in a few ways is
free from the troubles influencing existing techniques. P. K. Maji [9]
had joined the Neutrosophic set with delicate sets and presented another
scientific model 'Neutrosophic soft set. A new notion of Fuzzy
Neutrosophic soft set and its basic operations and results in Fuzzy
Neutrosophic soft spaces are obtained.[1]. In 1966 Kuratowski [8] and
Vaidyanathaswamy [15], introduced the concept of ideal in topological
space and defined local function in ideal topological space. Further
Hamlett and Jankovic in [6] studied the properties of ideal topological
spaces.

Salama at el [11] defined intuitionistic fuzzy ideal for a set and
generalized the concept of fuzzy ideal concepts, first initiated by Sarker
[13]. Also, in 2014 A.A. Salama et al.[12] introduced and studied the
concept of neutrosophic crisp local function, and construct a new type of
neutrosophic crisp topological space via neutrosophic crisp ideals.

The purpose behind this paper is to present the idea of fuzzy
neutrosophic soft ideal in fuzzy neutrosophic soft set theory which is the
generalization of the concept of fuzzy intuitionistic ideal topological
concepts and soft ideal topological concepts, first initiated by Salama
[11], Kandil et al.[7] sequentially. The concept of fuzzy neutrosophic soft
local function is also introduced. These ideas are talked about so as to
discover new fuzzy neutrosophic soft topologies from the original one.
The basic structure, especially a basis for such generated fuzzy
neutrosophic soft topologies also studied here. At long last, the thought of
compatibility of fuzzy neutrosophic soft ideals with fuzzy neutrosophic
soft topologies is presented and some equivalent conditions concerning
this theme are built up here.

2. Preliminaries

For the definitions and results on fuzzy neutrosophic soft set theory, we
refer to [1,4,5]. However, we recall some definitions and results on fuzzy
neutrosophic soft set theory and fuzzy neutrosophic soft topology.
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Definition 2.1 [2]: A fuzzy neutrosophic set A on the universe X is
defined as A={<x,Ty(x),1; (x),Fy (x) >, x € X} where the
function T,I,F:X — [0,1]. denote the degree of membership function
(namely T4(x)), the degree of indeterminacy function (namely I,(x) ) and
the degree of non-membership (namely F,(x) ) respectively of each
element x € X tothe set A and 0 <Tyu(x)+
Li(x)+Fy(x) <3

Definition 2.2 [10]: Let X be a universe set and E be a set of parameters.
A pair (F,E) is called a soft set over X if and only if F is a function from
E into the set of all subsets of X ,i.e. :E - P(X) , where P(X) is the
power set of X. The set of all soft sets over X is denoted by SS(X, E).

Definition 2.3 [1]: Let U be the initial universe set and E be a set of
parameters. Consider a non-empty set A, A € E. Let FNS(U) denote the
set of all fuzzy neutrosophic sets of U. The collection (NF, A) is termed
to be the fuzzy neutrosophic soft set (FNS set or FNSS for short) over U ,
where NF is a mapping given by NF: A - FNS(U) . The family of all
these fuzzy neutrosophic soft set over U with parameters from E denoted
by FNSS(U).

Definition 2.4 [1]: The complement of a fuzzy neutrosophic soft set
(NF,E) denoted by (NF,A)and is defined as(NF,A)¢ = (NF¢ A)
where  NF¢:A—> FNS(U) is a mapping given by NF¢(e) =
{< %, Typee)() = Fupey(®)  Inpee)(0) = 1= Inpey (), Fypecey (%) =
Tﬁ(e) (%) >}.

Definition 2.5 [1]: A fuzzy neutrosophic soft set (NF,E) over the
universe U is said to be

(1) empty fuzzy neutrosophic soft set with respect to the parameter E if
TNF'(e) = OrINF(e) =0 ;FNﬁ(e) =1,vxelU,Ve€eE-
it is denoted by 0Y .
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(2) universe fuzzy neutrosophic soft set with respect to the parameter E if
TNF‘(e) = 1JINF‘(e) = 1IFNF(e) =0,vxeU,Ve€eE:
it is denoted by 1¥ .
Note: (0Y)¢ = 1¥ and (1¥)¢ = 0Y
Definition 2.6 [4]:
1. A fuzzy neutrosophic soft set (NF,E) is said to be a fuzzy
neutrosophic soft point, denoted by eyz , if for the element e € E
,NF(e) # Oy and NF(e") =0y , Ve' € E— {e}. A class of all fuzzy
neutrosophic soft points in U is denoted as FNSP (U)g
2. The complement of a fuzzy neutrosophic soft point ey is a fuzzy

- - c
neutrosophic soft point ey z such that NF¢(e) = (NF(e))
3. A fuzzy neutrosophic soft point eyz is said to be in a fuzzy
neutrosophic soft set (NG, E) (or ey is a fuzzy neutrosophic soft point of
(NG,E)), denoted by eyz € (NG, E) if for the element e € E, NF(e) S
NG (e).

Example 2.7:
LetU = {Xl, XZ,X3} and E = {el, 82}. Then,

eni = {< x4,(0.6,0.4,0.8) >, < x,,(0.8,0.3,0.5) >, <
x3,(0.3,0.7,0.6) >}

is a fuzzy neutrosophic soft point whose complement is

erve = £<x1,(0.8,0.6,0.6) >,< x;,(0.5,0.7,0.8) >, <
x3,(0.6,0.3,0.3) >}.

For another FNSS (NG, E) defined on same (U, E),

let, NG (e;) = {< x4,(0.7,0.4,0.7) >, < x,,(0.8,0.5,0.4) >, <
x3,(0.5,0.8,0.5) >}. Then, NF(e;) < NG(e;) i.e. e;ys€ (NG, E).
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Theorem 2.8: if (NF,E) be a fuzzy neutrosophic soft set of U. implies

(NF,E) = U{eys : ens€ (NF,E) }

Proof. Let E ={e;:i €I}, (NF,E) be afuzzy neutrosophic soft set
and { eyg, Jkeq be family of all fuzzy neutrosophic soft points of

(NF,E).Forall e; € E , because of
NF(e;) = Ukea Gr(er)
we have (NF,E) ={NF(e;): e; € E} = Upealy -

Theorem 2.9: Let (NF,E) and (NG,E) be two fuzzy neutrosophic soft
sets in FNSS(U)g. Then (NF,E) € (NG,E) if and only if eyg €
(NF,E) implies ey € (NG, E).

Proof. (=) : Let (NF,E) € (NG, E). Therefore, for all e € E,

NF(e) ENG(e). If eyg € (NF,E), then NH(e) € NF(e). Because of
NH(e) E NF(e) ENG(e), we have NH(e) € NG(e) and so, ey €
(NG,E).

(€) : If, for every ey € (NF, E) implies eyz € (NG, E) implies, then in
accordance with Theorem 2.10,

Ue,,ee ena = (NF,E) andthisimplies U, _ e e ) eni =
(NG,E) .So, (NF,E) € (NG,E) .

Definition 2.10 [5]: Let eys and ey be two fuzzy neutrosophic soft
points. For the fuzzy neutrosophic soft points eys and e, over a
common universe U , we say that the fuzzy neutrosophic soft points are
distinct points if eyz N ey = 0Y. It is clear that eyz and ey are distinct
fuzzy neutrosophic soft points if and only if e #e or = y .

Definition 2.11 [1]: Let (NF,E)be FNS set on (U,E) and 7 be a
collection of fuzzy neutrosophic soft subsets of (NF,E). (NF,E) is
called fuzzy neutrosophic soft topology (FNST) if the following
conditions hold.
(i) 0Y, 1% e 1
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(i) (NF,E), (NG,E) € t implies (NF,E)N (NG,E)€ t

(iii) {(NE,E):a €T} € 1 implies U{(NE,E):a €T} €ET

The triplet (U,t,E) is called an Fuzzy neutrosophic soft topological
space (FNSTS) over U. Every member of t is called an fuzzy
neutrosophic soft open set in U. (NF,E) is called an fuzzy neutrosophic

soft closed set in U if (NF,E) € t¢, where ¢ = {(NF,E)":(NF,E) €
7}
Definition 2.12: Let J be a non-null collection of fuzzy neutrosophic

soft sets over a universe U with a fixed set of parameters E is called a
fuzzy neutrosophic soft ideal (FNSL for short) on U if

(1) (NF,E) e J and (NG,E)€J = (NF,E)U(NG,E)€J [Finite
additivity],

(2) (NF,E) € Jand (NG,E) € (NF,E) = (NG,E) € J [heredity].

If (U,7,E) be a Fuzzy neutrosophic soft topological space , then
(U,T,E,J) is called a Fuzzy neutrosophic soft ideal topological space (
FNSITS, for short).

3. Fuzzy Neutrosophic Soft Local Function and Generated
Fuzzy Neutrosophic Soft Topology

Definition 3.1: Let (U,t,E) be a fuzzy neutrosophic soft topological
space and J be a fuzzy neutrosophic soft ideal over U with the same set
of parameters E. (NF,E)* (j r) or (NF,E)* = U{eyr € FNSP(U) :
(NO,E) A (NF,E)¢J, v(NO,E),, . €T}

eNT; NF

is called the fuzzy neutrosophic soft local function of (NF,E) with
respect to J and 1, where (NO,E), . is a t-open fuzzy neutrosophic soft

set containing ey z -

Example 3.2:
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(W) If J={0¥}, then (NF,E)*(J,t) = FNScI(NF,E) forall (NF,E) €
FNSS(U)g .

(2) If J =FNSS(U)g ,then (NF,E)*(J,7) = 0f forall (NF,E) €
FNSS(U)g.

Theorem 3.3: Let Jand J; be any two fuzzy neutrosophic soft ideals
with the same set of parameters E on a fuzzy neutrosophic soft
topological space (U, ,E). Let (NF,E), (NG,E) € FNSS(U)g . Then

(1) (05)" = 0% ,
(2 (NF,E) € (NG,E) = (NF,E)* € (NG,E)" ,
®)J € J = (NFE) (J,v) € (NEE) (J,7),

(4) (NF,E)" = FNScl(NF,E)* € FNScl(NF,E) , where FNScl is the
fuzzy neutrosophic soft closure w.r.t. ,

(5) (NF, E)* is 1-closed fuzzy neutrosophic soft set.

©6) ((NF,E)") & (NF,E)",

(7) ((NF.E) T (NG,E)) = (NF,E)* T (NG,E)" ,

@®) ((NF,E) A (NG,E)) & (NF,E)" A (NG, E)" |
©) (VA,E) e § = ((NF,E)U(N,E)) = (NF,E)’
Proof.

(1) O = Ufeys €1 : (NO,E),, N0 = 0f € J V(NO,E),, . €

1} =0y .

(2) Let eys € (NF,E)* . Then (NO,E),, . N (NF,E) ¢
J V(NO,E), € t.Since (NF,E) € (NG,E) =
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(NO,E),,, N (NF,E) € (NO,E), . N (NG, E)and

(NO,E),, . A (NF,E) & J. Then (NO,E), . A (NG,E) & J
V(NO,E)e,, ET from Definition 3.1. Hence ey € (NG, E)*. Thus
(NF,E)* € (NG,E)* .

(3) Let ey € (NF,E) (J1,7) . Then (NO,E),, . & (NF,E) & J,
V(NO,E), . €t.Since § € J,.Then (NO,E),, . N(NF,E) &J
V (NO,E)e,, € T. Hence eyr € (NF,E) (J,7) . Thus

(NF,E) (Jy,7) € (NF,E)*(J, 7).

(4) since {05} € J for any FNS ideal on U, therefore by (3) and
Example 3.2, (NF,E) (J) € (NF,E) (0Y) = FNScI(NF, E) for any
FNSS (NF,E) on U.

Suppose , eyz € FNScl(NF,E)". So for every (NO, E).,. open FNS set
contains ey , (NO,E),, . N (NF, E)" # 0¥, there exists e, g €
(NO,E).,,. N (NF, E)" such that for every (NV,E),,,. open FNS set
contains e,y , (N0, E),, . N (NF,E) ¢ J. Since

(NO,E)e,, 0 (NV,E),_ . open FNS set contains e;yg then

(NG, E).,, B (NV,E),,,.) A (NF,E) ¢ J which leads to
(NO,E),,, N (NF,E) & J V¥ (NO,E),, €T, therefore eyy €
(NF,E)", and so, FNScI(NF,E)" € (NF,E)* and since

(NF,E)* € FNScl(NF,E)" . Hence (NF,E)" = FNScl(NF, E)*.

(5) from (4) (NF,E)" = FNScI(NF,E)* then (NF, E)* is t-closed fuzzy
neutrosophic soft set.

(6) By (4), we have ((NF,E)*) =

FNScl( (NF,E)*)" € FNScI(NF,E) = (NF,E)".
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(7) Let eys € ((NF,E) T (NG,E)) . Then

(NO,E).,, N ((NF.E)U(NG,E)) € JV (NO,E), €1, ie

(NO,E)e,, 0 (NF,E)T (NO,E), . N(NGE)¢J V(NO,E),, €. then,
we have two cases (NO, E),, . N (NF,E) ¢ J and (NO,E),, . 0 (NG,E) € J
or the converse, if (NO,E),, . A (NF,E) € Jand (NO,E),, . 0 (NG,E) € J
this means that (NO, E),, . A\ (NF,E) U (NO,E), . 0 (NG,E) € J, which
contradicts the hypothesis. Hence

((NF,E)T (NG,E)) & (NF,E)" U (NG,E)"

For the reverse inclusion, since (NF,E), (NG,E) € ((NF,E) U (NG,E)). Then
(NF,E)" € ((NF,E) U (NG,E)) and (NG,E)" € ((NF,E) U (NG,E)) from
(2). Hence (NF,E)* U (NG,E)* € ((NF",E) U (NG,E)) and it is implies that

((NF.E) T (NG,E)) = (NF,E)" O (NG, EY"

(8) Since ((NF,E) i (NG, E)) & (NF, E), (NG, E). Then
((NF,E)A (NG,E)) € (NF,E)* and
((NF,E) A (NG, E)) € (NG,E)* from (2). Hence

((NF.E) A (NG,E)) € (NF,E)' A (NG, EY"

(9) Let eys € ((NF,E) v (NH,E))* . Then

(NO,E),,, & ((NF,E)U (NA,E)) ¢ J,¥ (NO,E),,, €1,ie
(NO,E)., . 0 (NF,E)T (NO,E).,. A (NH,E)¢J, V(NO,E).,_ €
T. then, we have two cases (NO,E),, . N (NF,E) € J and

(NO,E),,. 0N (NH,E) & J orthe converse, if (NO,E), . N (NH,E) ¢
dJd
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gives (NH,E) ¢ J which is a contradiction. Thus
(NO,E), ., N(NF,E)¢J VY (NO,E),, €1.50 eys € (NF,E)*

hence ((NF,E) U (NH,E)) € (NF,E)"
For the reverse inclusion, since (NF,E) € ((NF",E) U (NG,E)). Then

(NF,E)* € ((NF,E) U (NG,E)) from (2). Hence ((NF,E) U (NH,E)) =
(NF,E)*.

Definition 3.4: Let (U,7,E) be a fuzzy neutrosophic soft topological
space and J be a fuzzy neutrosophic soft ideal over U with the same set
of parameters E. Then the operator FNScl*: FNSS(U)y = FNSS(U)g
defined by: FNScl*(NF,E) = (NF,E) U (NF,E)" is a fuzzy
neutrosophic soft closure operator.

Theorem 3.5:

(1) FNScl*(0F) = (0F) .

(2) (NF,E) € FNScl*(NF,E),¥ (NF,E) € FNSS(U) .

(3) FNScl* ((NF,E) U (NG,E)) = FNScl*(NF, E) U FNScl*(NG, E)
,V (NF,E),(NG,E) € FNSS(U) .

(4) FNSct* (FNScl*(NF, E)) € FNScl*(NF,E),V (NF,E) €
FNSS(U)g .

Proof.

(1) since FNScl*(0F) = (0g) U (0F)* = 0f T 0f = Of from Theorem
3.3.(1).

(2) since (NF,E) € (NF,E) U (NF,E)" = FNScl*(NF,E)
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Thus (NF,E) € FNScl*(NF,E) .
(3) FNScl* ((NF,E) U (NG,E)) =
((NF.E) T (NG.E)) U ((NF.E) U (NG.E)) =
((NF,E)T (NG,E)) T ((NF,E)' T (NG,E)") =
((NF,E)T (NF,E)") T ((NG,E) T (NG,E)") =
FNScl*(NF,E) U FNScl*(NG,E) from Theorem 3.3. (7).
(4) FNScl* (FNScl*(NF, E)) = FNScl* ((NF,E) U (NF.E)")

=((NF,E) U (NF,E)") G ((NF,E) T (NF,E)*)* =
((NF,E)T (NF,E)") T ((NF.E) T (NF,E))") €
((NF,E)U (NF,E)") U ((NF.E) U (NF,E)") =
((NF,E)T (NF.E))

= FNScl*(NF, E) from Theorem 3.3. (6),(7) ,thus
FNScl* (FNScl*(NF, E)) & FNScl*(NF, E).

Definition 3.6 : Let (U,7,E) be a fuzzy neutrosophic soft topological
space, J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E and FNScl*: FNSS(U)y —» FNSS(U); be the fuzzy
neutrosophic soft closure operator. Then there exists a unique fuzzy
neutrosophic soft topology over U with the same set of parameters E,
finer than 1, called the *-fuzzy neutrosophic soft topology, denoted by

*(J) ort*, given by
v*(J) = { (NF,E) € FNSS(U)z: FNScl*(NF,E)" = (NF,E)"}.
Example 3.7: Let U={ry, 1.}, E={e} andt = {1} ,0Y, (NF,E)}

where (NF, E) is a fuzzy neutrosophic soft set over U defined by

Yo


https://jutq.utq.edu.iq/index.php/main

University of Thi-Qar Journal Vol.14 No.3 SEP 2019
Web Site: https://jutg.utg.edu.ig/index.php/main
Email: uti@utq.edu.iq
NF(e) = {<r4,(0.8,0.7,0.5) >, < r,,(0.9,0.6,0.5) >}. Then t defines a
Fuzzy neutrosophic soft topology on U.

LetJ = {0F,(NG,E)} be afuzzy neutrosophic soft ideal over U where
(NG,E) is afuzzy neutrosophic soft set over U defined by

NG(e) = {<14,(0.8,0.7,0.5) >,< 1,,(0.9,0.6,0.5) >}. Then, t* =
{1Y,0Y,(NF,E),(NFE,, E)}, where (NFy,E), (NE,, E) are fuzzy
neutrosophic soft sets over U where

NF,(e) = {< ry,(0.8,0.7,0.5) >,< 1,,(0.9,0.6,0.5) >}
NF,(e) = {<r14,(0.5,0.3,0.8) >,<1,,(0.5,0.4,0.9) > }.

Example 3.8:

(1) If J={0F}, then FNScl*(NF,E) = FNScl(NF,E) for all
(NF,E) € FNSS(U); and 1* = 1.

(2 If J = FNSS(U)g ,then FNScl*(NF,E) = (NF,E) forall
(NF,E) € FNSS(U)g and t* = FNSS(U)g (the fuzzy neutrosophic soft
discrete topology).

Proof.

(D Letg ={0f} = (NF,E)*(J,7) = FNScl(NF,E) from Example
3.2

And since FNScl*(NF,E) = (NF,E) U (NF,E)" =
(NF,E) U FNScl(NF,E)

Since (NF,E) € FNScI(NF,E) then (NF,E) U FNScl(NF,E) =
FNSCcI(NF,E), Thus FNScl*(NF,E) = FNScl(NF,E).

Now, let (NF,E) € t*, FNScl*(NF,E) = FNScl(NF,E)

Since (NF,E) € t* = FNScl*(NF,E) = (NF,E)*

1
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So, FNScl*(NF,E)" = FNScl(NF,E) = (NF,E)°

Thus (NF,E)  is closed FNS set = (NF, E) is open FNS set i.e
(NFE)et
Hence 7* € 7 . But from Definition 3.6. 7 € t*, hencet* = 1.

(2) Let J = FNSS(U)y = (NF,E)*(J,7) = 0f from Example 3.3.
since FNScl*(NF,E) = (NF,E) U (NF,E)* = (NF,E) G0§ = (NF,E)

So, FNScl*(NF,E) = (NF,E) .

Now, let (NF,E) € FNSS(U)g , FNScl*(NF,E) = (NF,E) So,
FNScl*(NF,E)" = (NF,E)" thus (NF,E) € 7*

Hence FNSS(U)g € t*, and from Definition 3.6. 7* € FNSS(U)g

Thus t* = FNSS(U)g .

Theorem 3.9: Let (U, 7, E) be a fuzzy neutrosophic soft topological space
and J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E. Then

o(J,7) ={(NF,E) - (NG,E): (NF,E) et,(NG,E) e J}  forms a
basis for the generated fuzzy neutrosophic soft topology 7*(J) .

Proof. Since 1 et ,0f € J. Then 1 — 0} € ¢ . Hence 1§ € ¢ and
Ujes ((NFLE) = (NG E)) =18 .

Also, let (N, E) = (NGy, E)) , (NFy, E) = (NG, E) ) € o such that
eni € (NF, E) = (NG, E) ) A (NFy, E) = (NG, E)). Then

eni € (NFLE) = (NG, E)) IV ((NFy, E) — (NG, E) )

v
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= ((NFy,E) B (NG, E)') 7 ((NFy, E) 7 (NG, E))
= ((NF"l,E) A (NF"Z,E)) 5 ((NGLE) & (NG, E))
= (N, E) & (NF, E)) A (NG, E) U (NG, E) )
= ((NF,E) A (NFy, E)) = (NG, E) A (NG, E) ) € 0(J,7)

Thus ¢ is a fuzzy neutrosophic soft basis of 7*.

Corollary 3.10: Let (U,t,E) be a fuzzy neutrosophic soft topological
space and J be a fuzzy neutrosophic soft ideal over U with the same set

of parameters E. Then € o(J,7) € *(J) .
Proof. Let (NF,E) € ,since 0¥ € J
Thus (NF,E) = (NF,E) — 0§ € o(J,7) i.e (NF,E) € o(J,7)

So, t € o(J,7), andsince o(J, ) is a fuzzy neutrosophic soft basis of
*(J), Then o(J,7) E t*(J), hence T € o(J,7) E v*(J) .

Theorem 3.11: Let J,;,J, are a fuzzy neutrosophic soft ideals over U,
Ji €J, thent*(Jy) € °(J).

Proof. Let (NF,E) € 7°(J,) = FNScl*(NF,E)° = (NF,E)°

= FNScl*(NF,E) = (NF,E)° O ((NF,E)) (40, 7) = (NF, E)" from
definition 3.6.

= [(NE,E)°)° = [(NF,E) O (NF,E)*) (Ju,7)] -

= (VF,E) = (NE,E) & [(WF.E)) | (duo)

YA
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Since J; € J, then ((NF, E)C)*(jz,r) € ((NF, E)C)*(jl,r) from
Theorem 3.3. (3)

= [(WEE))| G E|(WFE)) ] o)

= (NF,E) =

(VE,E) A [(VFE)) | (dum) € (NEE) A [(NE.E)) | ()
But (NF,E) 1 | (NF,E)°) | (3,7) E (NF,E), thus(NF, E) =
(VE,E) A [(VF,E))| (Goe) = (NF,E)° O (NFE)) (d) =
(NF,E)’

Thus, FNScl*(NF,E)" = (NF,E) i.e (NF,E) € *(J3), hence
*(J) ET*(J).

Theorem 3.12: Let 74,7, be two fuzzy neutrosophic soft topologies on
U. Then for any fuzzy neutrosophic soft ideal J on U, t; € 7, implies

(NF,E) (J,1,) € (NF,E) (J,71), V(NF,E)e Jand t} E 1}
Proof. Let eyr € (NF,E) (J,7,) = (NO,E),, 0§ (NF,E)&J
V (NO,E)., €1, Sincet; €1, = (NO,E), . N (NF,E) &J
V(NO,E), , €1, Thuseys € (NF,E)(J,7,), hence
(NF,E) (J,7) € (NF,E) (J,70).
Next, we proved ©; € 73, Let (NF,E) € 1} = FNScl; (NF,E)" =
(NF,E)’
— FNScl;,(NF,E) = (NF,E) G ((NF,E)") (J,7,) = (NF,E)* from
definition 3.6.

N c
= ((VF,E)) = ((VF.E) T ((VE.E)) (9,m))

A
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= (NF,E) = (NE,E) A [(NF.E)) | (.m)

Since 7, € 7, then ((NF, E)C)*(j ,T,) © ((NF,E)C)*(j, 7,) from above,
= [((VE.E))] @) E[(NVEE)) | @,
= (NF,E) = (NF.E) A |(VF.E)) | @) €
(NE,E) A [(NFE))| (4 mo). But (NF,E) A [(NELE)) | (w2
£ (NF,E), 50, (NF,E) = (NF,E) & |(NF.E)) | (4.7,
— (NF,E) O ((NF,E)) (J,7,) = (NF,E)

Cc

Thus, FNScl;, (NF,E)" = (NF,E) i.e (NF,E) € 13

4. Compatibility of Fuzzy Neutrosophic Soft Ideals with
Fuzzy Neutrosophic Soft Topology

Definition 4.1: Let (U, t, E) be a fuzzy neutrosophic soft topological space
and J be a fuzzy neutrosophic soft ideal on U. 7 is said to be compatible
with J , denoted by 7 = J, if for every fuzzy neutrosophic soft set (NF, E)
of U and for all fuzzy neutrosophic soft point eyz € (NF,E), there exists
(N O,E)ew open fuzzy neutrosophic soft contains eyz such that

(NO,E),,. 0 (NF,E) € J, then (NF,E) € J.

Theorem 4.2: Let (U,t,E) be a fuzzy neutrosophic soft topological
space, J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E and 7 = J. Then For any fuzzy neutrosophic soft set
(NF,E) of U, (NF,E)A(NF,E) =0Y implies (NF,E) =0Y iff
(NF,E)" = ((NF,E) A (NF,E)")

Proof. (=) Suppose that (NF, E) any fuzzy neutrosophic soft set of U,
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(NF,E)' = ((NF,E)A (NF,E)") and (NF,E) 7 (NF,E)" = 0Y.
Then (NF,E)" = ((NF,E)A(NF,E)") = (0) = 0¥. Hence
(NF,E) = 0Y.

(&) Suppose that (NF,E) any fuzzy neutrosophic soft set of U,
(NF,E)A (NF,E)" =0Y and (NF,E) = 0Y. Since (NF,E) = 0
and (NF,E) A (NF,E) = 0% = ((NF,E) A (NF,E)) = (0}) =
0¢ , Hence (NF,E) = ((NF,E) A (NF,E)*)*.

Corollary 4.3: Let (U,t,E) be a fuzzy neutrosophic soft topological

space, J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E, For any fuzzy neutrosophic soft set (NF,E) of U and T ~ J

_Then (NF,E)" = ((NF,E)") .

Proof. Suppose that (NF,E) any fuzzy neutrosophic soft set of U. Since
(NF,E)" = ((NF,E) & (NF, E)*)* & (NF,E) A ((NF,E)) =
((NF,E)")" from Theorem 3.3. (8), (6). thus (NF, E)" = ((NF,E)") .

Theorem 4.4: Let (U,7,E) be a fuzzy neutrosophic soft topological
space, J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E. Then the following are equivalent:

@t=J.

(b) For every (NF,E) € FNSS(U) such that (NF,E) A (NF,E)" = 0 .
then (NF,E) € J.

(c) For every (NF,E) € FNSS(U)g, (NF,E)—(NF,E)" € J.

Proof. (a) = (b) Let (NF,E) € FNSS(U)g such that
(NF,E) & (NF,E) =0, so0, (NF,E) € (NF,E)")

)
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Since (NF, E)* is T-closed fuzzy neutrosophic soft set, Then for all

exs € (NF,E) and eyz & (NF,E) suchthat eyz € (NF,E)"), we
have ((NF,E)") A (NF,E) € J for some (NF,E)")" € 7. Thus
(NF,E) € J by (a).

(b) = (c) Let (NF,E) € FNSS(U)g. Since

(NF,E)—(NF,E) i ((NF,E) A (Nﬁ,E)*)* =

((NF,E) A ((NF,E)*)C> 7 ((NF.E) A (NF,E)) E

((NF", E) & (NF, E)*)C) A (NF.E) A (NF,E))

e ((VE.E) A ((VFE))) A (NE,E) = 0

Then (NF,E)—(NF,E) € J by (b).

eny € (NF,E), ((NF,E)") & (NF,E) € J such that ey €
((VF.5)')

— (NF,E) € (NF,E)")" . Since (NF,E)" is T-closed fuzzy
neutrosophic soft set = ((NF“,E)*)C € 7. Thus (NF,E) € J by (b).

(c) = (a) suppose that (NF,E) € FNSS(U)g and assume that for
every eys € (NF, E) there exists (NO, E)e., open fuzzy neutrosophic

soft contains eyz such that (NO, E),, . N (NF,E) € J and
(NF,E)—(NF,E)" € J. Then eys & (NF,E)  such that

(NF,E) & (NF,E)" = 0Y . Hence (NF,E) € (NF,E)")". Since
(NF,E)" is T-closed fuzzy neutrosophic soft set (NF,E)) € 7 such
that ey € (NF,E)")". Let (NF,E)")" = (NO, E),_, such that ey €
(NF,E)) . thus ((NF,E)")" & (NF,E) € J. Since

£y
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(NF.E) € ((NF,E)) = (NF,E) = (NF,E) i (NF,E)") =
(NF,E)—(NF,E)". by hypothesis, (NF,E)—(NF,E)" € J. Thus
(NF,E) € J.hence T ~ J.

Theorem 4.5: Let (U,7,E) be a fuzzy neutrosophic soft topological

space, J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters ~E.  then  For  every  (NF,E)€ FNSS(U)g,

(NF,E)-(NF,E)" € J ifand only if (NF,E) contains no non-null soft
set (NG,E) with (NG,E) € (NG,E)’, then (NF,E) € J.

Proof. (=) Suppose that (NF, E) € FNSS(U)g such that (NF, E) contains
no non-null fuzzy neutrosophic soft set (G, E) with (NG,E) € (NG,E)*
and (NF,E)—(NF,E)" € J . Since ((NF,E) A (NF,E)") € (NF,E)’

((NF",E) A (NF, E)) from Theorem(2.3.2). It follows that

(NF,E) @ (NF,E)' € ((NF,E) A (NF,E)") . By assumption,
(NF,E)A (NF,E)" =0Y, Thus (NF,E) = (NF,E)—(NF,E) € J.
(<) Suppose that (NF, E) € FNSS(U) such that (NF, E) contains no
non-null fuzzy neutrosophic soft set (NG, E) with (NG,E) € (NG,E)’
and (NF,E) € J. Since

(N7, E)~(NF,E)) & (NF,E)~(NF,E)") = 0¥ and
(NF,E)—(NF,E)" contains no non-null fuzzy neutrosophic soft set
(NG,E) with (NG, E) € (NG,E)". Hence (NF,E)—(NF,E) € J.

Theorem 4.6: If (U, t,E) is a fuzzy neutrosophic soft topological space,
J be a fuzzy neutrosophic soft ideal over U with the same set of
parameters E and compatible with 7. Then a fuzzy neutrosophic soft set is
t*-closed if and only if it is the union of a t-closed fuzzy neutrosophic
soft set and a fuzzy neutrosophic soft set in J.

¢y
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Proof. Let (NF, E) be a *-closed fuzzy neutrosophic soft set. Then

FNScl* (NF,E) = (NF,E) and (NF,E) U (NF,E)" = (NF, E).Hence
(NF,E)" € (NF,E). Thus (NF,E) = ((NF,E)—(NF,E)") U (NF,E)’
. (NF,E)=(NF,E)" € J from Theorem 4.4. and (NF,E)" is t-closed
fuzzy neutrosophic soft set from Theorem 3.3. (5).

Conversely, let (NF,E) = (NG,E) G (NI, E), where (NG, E) is t-closed
fuzzy neutrosophic soft setand (NI, E) € J . Then (NF,E) =
((NG.E)T (1, E))* = (NG,E)" € FNScI(NG,E) =

(NG,E) € (NF,E) from Theorem 3.3. (2), (4). Hence

(NF,E)U (NF,E)" = (NF,E). Thus FNScl* (NF,E) = (NF,E). It
follows that (NF, E) is a T*-closed fuzzy neutrosophic soft set.

Theorem 4.7: Let (U,7,E) be a fuzzy neutrosophic soft topological
space, J be a fuzzy neutrosophic soft ideal over U with the same set of

parameters E. If t=~J, then o(J,7) is a fuzzy neutrosophic soft
topology and hence o = 7*.

Proof. Let (NG,E) € t*. Then (NG,E)" = (NF,E) U (NIE) , where
(NF, E) is 1-closed fuzzy neutrosophic soft set and (NI,E) € J. Hence
(NG,E) = - (WFE)TWLE)) = (T§-
(NF,E)) 7 (T8 - WLE)) = (1§ - (NF,E)) — (NLE)
, where (NF,E) € tand (NI,E) € J. Thus

(NG,E) = (1¥ - (NF.E)) - (NLE) € 0(J, 7). So ©* € a(J, ).
And since o(J,7) € 7* from Corollary (2.2.11) Hence ¢ = 7*.
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