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ABSTRACT

By this paper, we intend structure of some class of permutation polynomials
which  having the form Dy, (x,a) + (TrE(Dpi(x, @) + a;)st +
(Tr;R(Dy i (x, @)% + @;)2 over F3™ depend on (AGW criterion ).
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1. Introduction

Let q be a prime power, and g = p™ , p is a prime positive integer
number, and let IF, be a finite field, then a polynomial f € F,[x] is called a
permutation polynomial (PP) over IF, if It is bijective.

There are an important applications of permutation polynomial in a
several areas as cryptography , coding theory , communication engineering ,
and combinatorial design theory. The first studies on permutation polynomial
was by Hermite[3][7], after that , Dickson worked on this field[4][6]

Akbary, Ghioca and Wang structured a criterion (which known as the
AGW criterion) to investigate by permutation polynomials. [1][7]

The target of this paper is to constructing some classes of permutation
polynomials of the form
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Dy ic(x, @) + (T (D e (x, ) + @)t + (Trit (D e (x, @) + 022)

Over F,2m ,when m,n,s;, s, ,and k are positive integers, a, and a, are
odd positive numbers in F,zm with n = 2m, and a fixed a € F,zm .In this
paper we will depend on AGW(criterion) with some propositions and lemmas
to our proofs.

2. Preliminaries
The trace function from F,» into IF,m denoted by :

n
TTYQ(JC) =x + xpm + pom ot xp(m_l)m
integers and m |, and p is a prime number.

, Where m , n are two positive

Let  be asubset of F,» and define by:

T={y?" —y: YyEF,n} (1)
Then for each element « € m, satisfy:

Trg(a) =0 (2)

For a prime power , a function @(x) = Y;_, al-xqi ,when ay,a,,....,as in
FF, then we called @(x) a IF, — linear polynomial over [F,m .[1][8]

Lemma (2.1) [2]

Let m,n are positive integers, m |n, and let @(x) be a F, — linear
polynomial over F,m , h(x) € F,n[x] be a polynomial such that h(xP™" —
x) € F,m\{0}, and

g(x) € Fyn[x] be any polynomial , for all x € Fy,n.
Then h(xP™ — x)B(x) + g(xP" — x) is a permutation of F = if and only if:

(i) @(x) induces a permutation polynomial of Fy,m ;
(i)  h()B(x) + g(x)?" — g(x) permutes  which defined in (1) .
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Lemma(2.2) [2]

Let ,n,and t are positive integers with m |n , s; be nonnegative integer,
1<i<t

And a fixed 6 € F,n then f(x) = X, (x?" —x+6)" +x isa
permutation polynomial over [y~ if and only if :

£ ((x 4 8PSt — (x + 8)%) + x permutes .
Lemma(2.3)[10]

Let ,n,s, and k are positive integers with n = 2m , And a fixed § € Fyn
then the polynomial f(x) = x + (Tr2(x)*¥ 4+ 6)P™ induces a permutation
over Fpzm

if and only if g(x) = (x* + )" (x*¥ 4+ a)* + x be a bijection on the set :
S={XEIFp2m3Xpm—X=O}
Proposition(2.1)[10]

Let ¢ € F,2m, and m is an odd then the polynomial

2Myq

FO) =x+ (TrM(x) 3 +a)?" *1 permutes Fpem .
Proposition(2.2)[6]

Assume that a € F,2m, and let m is an odd then the polynomial

m+1 m+1

FOO =x+ (Tri(x)? *  +a)?*  permutes Fem .
Proposition(2.3)[10]
When a4, @, € F,2m, and sy, s, , k4, k, are positive integers then:

f(x) =x + (Trr(x)* + a5 + (Tr(x)*2 + a,)%2 is a permutation
polynomial over F,zm if and only if :
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h(x) = x + (Tr*(x)** + ;)5 permutes F,zm .
Definition (2.1) [5]

Let a € F,, for any positive integers n, k we can define an n — th Dickson
Polynomial of the (k + 1) — th kind over [, as:

o
Dn,k(x, a) = zz:n —Jk (Tl _]> (—a)j x"—2J

Lin—j\J

Definition (2.2) [5][9]

Leta € F,, and n,k € Z* then the n — th Reversed Dickson Polynomial
from the (k + 1) — th kind over [F, can be define as:

- |
Dypy(x,a) = z T;__]]l.{ (nj—]) (—=1) a™ 2% x/
j=0
Lemma (2.4) [6]
i
Duea) = ) 2 (") ey
j=0

when a € F,n is a permutation polynomial over F,» if and only if
gcd(n, 22" -1 =1 .

Example(2.1) : Let n = even number then that yield

gcd(n, 22" —1) = 1.

For example n = 4 then gcd(4, 22%* — 1) = gcd(4,255) = 1

That implies D, (x, a) is permutation polynomial over F,» whena,x €

]an, and k E Z+ .
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Lemma(2.5)[6]

Let m be an odd positive integer number then

m+1

ged (272 +1,2m-1)=1.
3. PPsofthe form D, (x,a) + (Tr (D, (x, a)* + a)®
Proposition (3.1)

Let ,n,s, and k € Z*, and a fixed a € F,» where n = 2m , and m is odd
then the polynomial:

n

2

—jkm—j . .
Dy (x,a) = Z T:l —]j (nj ]) (—a)) x"7%

j=0

m+1

Is a permutation polynomial if and only if gcd (ZT, 2m — 1) =1.
Proof: Suppose that D,, ,(x, a) be a permutation polynomial then:

gcd(n, 22" —1) =1 (Lemma 2.4)

m+1

That implies to ged (22 , 2™ — 1) = 1

m+1

Now assume that gcd (ZT, 2m — 1) = 1 then by (Lemma 2.4) we obtain
D,,(x, a) is a permutation polynomial.

Then D, (x, a) is a permutation polynomial O

Example(3.1) : Let n = 2m , and m is odd positive integer number then that
m+1

yieldged (22 +1,2m—1)=1.

3+1
For example m = 3 then gcd (ZT +1,23 - 1) =gcd(5,7) = 1.

That is equivalence to gcd(n, 22™ — 1) when n = 4 ,which implies
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gcd(4,2%** — 1) = gcd(4,255) =1

Thus D (x, a) is permutation polynomial over F,2m whena,x €

5+1

Fyom,and k € Z* . m = S thenged (22 + 1,25 — 1) = ged(8,31) = 1.

Example(3.2) : In the following Table 3.2 we take some values for
m,n,k and a , when a is odd to find the form of Dickson Polynomial

Dn,k(x, a):
Table 3.2

m n=2m k a Fum

Dn,k (x, a)

5 10 2 3 Fyuo

7 14 3 5  Fyus

9 18 4 7  Fyus

x® 4+ 59x* + 6x% + 63

x1° +1000x8 + 189x° + 484x*
+ 405x2

x4+ 16329x'% 4+ 1100x1° +
7009x8 + 9866x° +
10982x* + 10626x% + 12589

x18 + 262046x1° 4+ 3675x1* +
199718x12 + 81299x10 +
182058x8 + 172114x° +
123252x* + 149121x2 + 229006

Example(3.3) : In the following Table 2.2 we take some values for
m,n,k and a , when a is even to find the form of Dickson Polynomial

Dn’k(x, a):
Table 3.3

m n k a F,2m Dy r(x,a)

F,e x® + 54x* + 24x2 + 56
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5 10 2 4 Fj10 x%(x® +992x° + 336x* + 768x>
+ 256)

7 14 3 6 Fyie x4+ 16318x% + 1584x1° +
184x8 + 5280x° + 10560x* +
2176x% + 1408

9 18 4 8 Fyis x84+ 262032x° + 4800x* +
168960x'% + 61440x'° + 196608x°

Proposition (3.2)

Let ,n,s, andk € Z*, and afixed a € F,n, a is even wheren = 2m ,
and m is odd then the polynomial:
n
2]

n—jkm-—j . o
Duea) = ) 2 (M) 1y i

=0
Is a permutation polynomial if and only if gcd (2 2z 2™ — 1) =1
Proof: Suppose that D,, , (x, a) be a permutation polynomial then:

gcd(n, 22" — 1) =1 (Lemma2.4)

m+1

That implies to ged (22 , 2™ — 1) = 1

m+1

Now since gcd (ZT, 2m — 1) =1 then by (Lemma 2.4) we obtain
D,,(x, a) is a permutation polynomial

Then D, (x, a) is a permutation polynomial O

Example(3.4) : In the following Table 3.4 we take some values for
m,n,k and a , when a is odd to find the form of reversed Dickson
Polynomial D, x(x,a):
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Table 3.4

m n=2m k a Fpm Dy x(x,a)

3 6 1 2 TFue 63x3 + 24x% + 48x

5 10 2 4 [F21o 80964

7 14 3 6 F,14 x7 +15880x° + 1760x° +
9856x* + 5376x3 + 12288x2% +
4096x

9 18 4 8 F,18 2x7(129056x + 90112x2)

4. PPsof the form D, (x,a)+ (Tr2(Dp(x, @)t + a;)s1 +
(Tr(Da i (x, @)*2 + ;)2

Proposition (4.1)

For a positive integers m,n, s, and k withn = 2m and a fixed a € Fyn,
and an odd a € Fyn then :

f(x) = D ye(x, @) + (Tr3 (D (x, @) + @)°
induces a permutation polynomial on F,2m if and only if

g(x) = [(Dni(x, ) +al*®" + [(Dp(x, )" + al® + (Dni(x, @) is
one-to-one and onto over the set = = {l € F2m: P" —1=0}.

Proof: since w = {l € F,zm: [P" — | = 0} then we can write :

m={IP" +1:1 € Fpom}.
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Suppose that ¥ (x) = P(x) = IP" + 1 = Tr;?(Dpx(x, @)) then we can note it
verified the following diagram:

f
Fpem ——— F2m

p

Yy 7 commutes.

T g—> T

Forany & € m we have ¥~*(5) = {x € Fpem: xP™ + x = &}, so that
f(x) = Dpi(x,a) + (Trim (D i (x, @)% + @)® is one-to-one over ¥ ~1(4) .
By (AGW criterion) f is a permutation on FF2m if and only if g(x) is

a permutation over . O

Lemma (4.1)

Let m,n, sy, s, , kq, and k,, are positive integers, a, and a, are odd positive
numbers in F,zm with n = 2m, and a fixed a € F,2m then:

f() = Dyi(x, @) + (TR (D (x, @)%t + @)t + (Tri (D i (3, )2 +
a,)%2 is permutes F,zm

if and only if it induces a bijection :

g(x) = Dy r(x,a) + (Tr} (D i (x, @) + 1)t over Fyzm .

Proof : Let f(x) permutes FF,2m then (By proposition 2.3) we obtain :
g(x) = Dpi(x, @) + (Trm(Dp s (x, @) + a;)st permutes Fzm .

Now let g(x) permutes F,zm then (By Lemma 3.2) g is a bijection on the
set m={l € Fpem:IP" — 1 = 0}

Then by (AGW Criterion) we obtain f is permutes F,zm . m]
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Example(4.1) : In the following Table 4.1 we take some values for
m,n,k, ki, and a to find Tr2(D,, ,(x,a))** ,.where D,, ;. (x, a) be Dickson
polynomial :

Table 4.1
m n k a kg TT (D i (x, @)k
6 1 1 1 52x2 + 18x* + 6x° + 35x8 + 34x1° + 4x12)

10 2 2 2 x24(256x* + 352x® + 256x1° + 336x12 + 896x1*
+ 3x16 + 256)

14 3 4 4 4096x°° + 14336x°% + 1792x°* + 15104x°°
+ 4208x°%8 + 6904x7° + 1418x7?
+9188x7* + 5214x7¢ + 5488x78
+ 2278x8% + 15988x82% + 4x84

Example(4.2) : In the following Table 4.2 we take some values for
m,n,k,ky,s,and a to find (TriD, ,(x,a)** + a)* ,where D, ,(x, @) be
Dickson polynomial, and a an odd in F,zm :

Table 4.2
m n k a ki, a s (T Dy i (x, @)%t + )S
3 6 1 1 1 1 1 52x%+54x*+10x%+58x8 + 4x10 + 10x12

+5

5 10 2 2 2 3 2 896x7%+832x7% + 84x%° + 640x152 +
448x156 + 512x158 + 98x160 4 27
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7 14 3 4 4 5 3 12288x*0 4 4096x**? + 3584x* +

6400x4*6 + 7350x*48 + 8192x888 +
8192x8%° + 7168x8°2 + 4608x8%* +
3966x8% + 12288x133¢ + 4036x1338 +
13824x13%0 4+ 947251342 + 11250x13** +
375
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