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ABSTRACT 

By this paper, we intend structure of some class of permutation polynomials 

which having the form     (   )  (   
 (    (   )

    )
   

(   
 (    (   )

    )
   over   

   depend on (AGW criterion ). 
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1. Introduction 

Let   be a prime power, and      ,   is a prime  positive integer 

number, and let    be a finite field, then a polynomial     , - is called a 

permutation polynomial (PP) over    if It is bijective. 

There are an important applications of permutation polynomial in a 

several areas as cryptography , coding theory , communication engineering , 

and combinatorial design theory. The first studies on permutation polynomial 

was by Hermite[3][7], after that , Dickson worked on this field[4][6] 

Akbary, Ghioca and Wang structured a criterion (which known as the 

AGW criterion) to investigate by permutation polynomials. [1][7] 

The target of this paper is to constructing some classes of permutation 

polynomials of the form  
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     (   )  (   
 (    (   )

    )
   (   

 (    (   )
    )

   

Over      ,when                   are positive integers,            are 

odd positive numbers in      with      , and a fixed         .In this 

paper we will depend on AGW(criterion) with some propositions and lemmas 

to our proofs.  

2. Preliminaries 

The trace function from     into     denoted by : 

   
 ( )      

 
   

  
     

.
 

   
/ 

  , where  m , n are two positive 

integers and      , and   is a prime number. 

Let   be  a subset of      and define by: 

  *  
 
         +          ……………….(1) 

Then for each element      , satisfy: 

   
 ( )          ………………………………...(2) 

For a prime power  , a function  ( )  ∑    
   

    , when                 in 

   then we called  ( ) a      linear polynomial over      [1][8] 

Lemma (2.1) [2] 

Let      are positive integers ,      , and let  ( ) be a      linear 

polynomial over     ,  ( )     , - be a polynomial such that  (  
 
 

 )      * + , and 

 ( )     , - be any polynomial , for all      .  

Then  (  
 
  ) ( )   (  

 
  ) is a permutation of     if and only if: 

(i)  ( ) induces a permutation polynomial of     ; 

(ii)  ( ) ( )   ( ) 
 
  ( ) permutes   which defined in (1) . 
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Lemma(2.2) [2] 

Let     , and   are positive integers with      ,    be nonnegative integer, 

      

And a fixed       then   ( )  ∑ (  
 
    )

   
       is a 

permutation polynomial over      if and only if : 

∑ ((   ) 
     

   (   )  )     permutes  . 

Lemma(2.3)[10] 

Let        ,  and   are positive integers with      , And a fixed       

then the polynomial  ( )    (   
 ( )   )  

 
 induces a permutation 

over       

if and only if   ( )  (    )  
 
(    )     be a bijection on the set : 

  *         
      + 

Proposition(2.1)[10] 

Let       , and   is an odd then the polynomial 

  ( )    (   
 ( )

    

   ) 
       permutes      . 

Proposition(2.2)[6] 

Assume that       , and let   is an odd then the polynomial 

  ( )    (   
 ( ) 

   
 
   

  ) 
   
 
   

  permutes      . 

Proposition(2.3)[10] 

When           , and               are positive integers then: 

  ( )    (   
 ( )     )

   (   
 ( )     )

   is a permutation 

polynomial over       if and only if : 
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   ( )    (   
 ( )     )

   permutes      . 

Definition (2.1) [5] 

Let     , for any positive integers      we can define an       Dickson 

Polynomial of the (   )     kind over    as: 

    (   )  ∑
    

   
(
   

 
) (  ) 

⌊
 
 
⌋

   

      

Definition (2.2) [5][9] 

Let     , and          then the        Reversed Dickson Polynomial 

from the (   )     kind over     can be define as: 

    (   )  ∑
    

   
(
   

 
) (  ) 

⌊
 
 
⌋

   

        

Lemma (2.4) [6]   

    (   )  ∑
    

   
(
   

 
) (  ) 

⌊
 
 
⌋

   

      

 when       is a permutation polynomial over     if and only if 

    (       )      . 

Example(2.1) : Let               then that yield 

    (       )   . 

For example     then    (        )     (     )    

That implies     (   ) is permutation polynomial over     when       

           
  . 
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Lemma(2.5)[6] 

Let   be an odd positive integer number then 

    . 
   

        /   . 

3. PPs of the form             (   )  (   
 (    (   )

   )  

Proposition (3.1) 

Let        ,  and      , and a fixed        where       , and   is odd 

then the polynomial: 

    (   )  ∑
    

   
(
   

 
) (  ) 

⌊
 
 
⌋

   

      

Is a permutation polynomial if and only if     . 
   

      /   .    

Proof: Suppose that     (   ) be a permutation polynomial then: 

   (       )      (Lemma 2.4) 

That implies to    . 
   

      /    

Now assume that       . 
   

      /     then by (Lemma 2.4) we obtain 

  (   ) is a permutation polynomial.  

Then     (   ) is a permutation polynomial                                    ⧠ 

Example(3.1) : Let      , and   is odd positive integer number then that 

yield    . 
   

        /     . 

For example     then    . 
   

        /     (   )   . 

That is equivalence to    (       ) when       ,which implies 
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   (        )     (     )     

Thus      (   ) is permutation polynomial over      when       

            
  .     then    . 

   

        /     (    )   . 

Example(3.2) : In the following Table 3.2 we take some values for 

             , when   is      to find the form of Dickson Polynomial   

    (   ): 

Table 3.2 

                    (   ) 

                           
 

                                    

       
 

                                   
              
                       
 

                                    
                   
                  
                          

 

Example(3.3) : In the following Table 2.2 we take some values for 

             , when   is       to find the form of Dickson Polynomial  

    (   ): 

Table 3.3 

   
    

             (   ) 
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                (                    

    ) 
 

                                   
                     
             
 

                                    
                             

 

Proposition (3.2) 

Let        ,  and      , and a fixed       ,             where       , 

and   is odd then the polynomial: 

    (   )  ∑
    

   
(
   

 
) (  ) 

⌊
 
 
⌋

   

        

Is a permutation polynomial if and only if     . 
   

      /      . 

Proof: Suppose that     (   ) be a permutation polynomial then: 

   (       )      (Lemma2.4) 

That implies to    . 
   

      /    

Now since       . 
   

      /     then by (Lemma 2.4) we obtain 

  (   ) is a permutation polynomial  

Then     (   ) is a permutation polynomial                                     ⧠             

Example(3.4) : In the following Table 3.4 we take some values for 

             , when   is      to find the form of reversed Dickson 

Polynomial      (   ): 
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Table 3.4 

                     (   ) 

 
  

 

  

 

  

 

  

 

    
  

              
 

                    
 

                                 
                      
       
 

                  (               ) 
 

 

4. PPs of the form        (   )  (   
 (    (   )

     )
   

(   
 (    (   )

     )
   

Proposition (4.1) 

For a positive integers                 with      and a fixed      , 

and              then : 

 ( )      (   )  (   
 (    (   )

   )  

 induces a permutation polynomial on       if and only if 

 ( )  ,(    (   ))
   -   

 
 ,(    (   ))

   -  (    (   )  is 

one-to-one and onto over the set   *        
      + . 

Proof: since   *        
      +  then we can write : 

  *  
 
         + . 
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Suppose that  ( )   ̅( )    
 
      

 (    (   )) then we can note it 

verified the following diagram: 

     
                  
→           

Ψ  ̅ commutes. 

  

       
              
→        

For any      we have     ( )  *        
      + , so that 

 ( )      (   )  (   
 (    (   )

   )  is one-to-one over    ( ) . 

By (AGW criterion)   is a permutation on      if and only if  ( ) is  

a permutation over    .                                                                      ⧠          

Lemma (4.1) 

Let                       are positive integers,            are odd positive 

numbers in      with      , and a fixed          then: 

 ( )      (   )  (   
 (    (   )

     )
   (   

 (    (   )
   

  )
    is permutes       

if and only if  it induces a bijection : 

  ( )       (   )  (   
 (    (   )

    )
   over      . 

Proof : Let  ( )  permutes      then (By proposition 2.3) we obtain : 

 ( )       (   )  (   
 (    (   )

    )
    permutes       . 

Now let  ( ) permutes       then (By Lemma 3.2)      is a bijection on the 

set    *        
      +  

Then by (AGW Criterion) we obtain   is permutes      .                ⧠ 
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Example(4.1) : In the following Table 4.1 we take some values for 

                to find     
 (    (   ))

   ,where     (   ) be Dickson 

polynomial : 

 

Table 4.1 

              
 (    (   ))

   

 

3 6 1 1 1                              ) 
 

5 10 2 2 2    (                                

         ) 
 

7 14 3 4 4                                  

                        

                        

                       

 

Example(4.2) : In the following Table 4.2 we take some values for 

                  to find  (   
     (   )

    )  ,where     (   ) be 

Dickson polynomial, and                  : 

Table 4.2 

               (   
     (   )

    )  
3 6 1 1 1 1 1                               

   
 

5 10 2 2 2 3 2                             
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7 14 3 4 4 5 3                             
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